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ABSTRACT
This report presents the results of a survey of the
literature dealing with the analysis and design of grillages
under normal and axial loads. The requirements of a rigorous
design procedure are outlined and compared with the strongly
empirical approaches currently employed. The following methods
of analysis applicable to grillage structures are discussed: the
differential and integral equation and energy formulatiomin terms
of plate and beam theories, the analysis of an equivalent ortho-
tropic plate or beam grid, and the discrete element methods. The
survey has. shown ,that neither a completely satisfactory method for
the working stress analysis nor a method for· the ultimate strength
analysis of grillages under combined normal and axial loads is yet
available. It is suggested that one of the discrete elem~nt
methods, either the lumped parameter or finite element approach,
be adapted for both the working stress and ultimate strength
analysis of grillages under combined loads.
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1. INTRODUCTION
The hulls of ships are complex and highly redundant structures,
the exact analysis of which is beyond the scope of currently
available analytical methods and computational techniques. Yet,
some form of analysis of the hull structure must be performed as
part of a rational design procedure. One approach to the analysis
and design of complex structures is to divide them into smaller
units or subassemblages which are more amenable to analysis. A
rough analysis of the entire structure, based on assumed patterns
of behavio~, is carried out to determine the distribution and
magnitude of the forces which act between the subassemblages. The
subassemblages are then I subjected to a more detailed analysis to
determine their response to the forces whicH act between them and
to any locally applied loads. The results of the.analysis of the
subassemblages, if they are found to agree with the patterns of
behavior assumed in the rough analysis, may then be utilized to
predict the behavior of the entire structure. The design problem,
in this approach, is to proportion the members of the subassem-
blages such that the structure as a whole evinces satisfactory
behavior.
The grillage, a plate welded to a gridwork of beams as shown
in full lines in Fig. 1, is a type of structural ·subassemblage
into which the hulls of ships may be divided for purposes of
323.1
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analysis. In ge'neral, the beams of grillages may be arranged in
any pattern but in ship construction they customarily form an
orthogonal gridwork. T,he grillage as oriented in Fig. 1 might be
taken from the bottom of a longitudinally framed single bottomed
ship or, if inverted, from a deck. The lighter beams, called
longitudinals, are parallel to the longitudinal axis of the ship.
The heavier beams" called transverses, are segments of the ribs
which lie in planes normal to the longitudinal axis of the ship '.
A similar form of construction is sometimes employed in the bulk-
heads of ships, gates of locks and dams, floor systems of highway
bridges, and fuselages and wings of aircraft.
As a subassemblage ·in the hull of a, ship, the grillage must
serve as a plate element in the hull acting as a beam, as a water
tight surface, and as a rigid surface supporting normal loading.
As a plate element in the cross section of the hull act~ng as a
beam, ~he grillage is subjected by the surrounding structural'
elements to high axial forces in the longitudinal direction, much
smaller axial forces in the transverse direction; and shearing
forces in both the longitudinal and transverse directions as
shown in. Fig. 2a. As a water tight o-r traffic bearing surface,
the grillage must withstand loads normal to its· surface, as shown
in Fig. 2b, which induce predominantly bending behavior as opposed
to the predominantly plane stress behavior induceq by bending of
the hull as a beam.
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In order to function satisfactorily as part of the ship
structure, the grillage must suffer no damage under working
loads and must have sufficient strength and ductility to with-
stand an overload. For the purposes of this discussion,
structural failure shall be defined as the cessation of satis-
factory behavior. This definition encompasses damage under
working loads as well as attainment of ultimate strength. The
grillage has failed when it can no longer resist additional
reactions from adjacent structural elements and locally applied
loads, ceases to be water tight or suffers deformations larger
than can be tolerated.
Failure may be occasioned by the loss of structural integrity
or by loss of rigidity. Loss of structural integrity due to the
occurrence of ductile rupture, brittle fracture or extensive
spread of fatigue cracks terminates the usefulness of the gril-
lage in any capacity. Loss of rigidity due to a combination of
large deformations and yielding, the instability failure, prevents
the grillage from serving satisfactorily as a supporting medium
for external loads, internal traffic or the axial forces induced
by bending of the hull as a beam. As part of a design procedure
steps must be taken to ensure that failure does not occur under
working loads and that the ultimate strength is great enough to
provide a specified factor of safety.
323.1
Ductile rupture can probably be discounted as a mode of
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failure in statically indeterminate structures. The deformations
to which a structure must be subjected in order to cause a ductile
rupture are so great that an instability type of failure is almost
certain to occu~ first elsewhere. Brittle fractu~e, associated
with much smaller deformations,is a more immediate problem as wit-
. 46-1 59-2
nessed by the spectacular failures during the early fortles. '
Since it is, in the initial stage, a small deformation phenomenon,
an elastic stress analysis is used to check the possibility of its
occurrence in the structures subjected to impact loads, extremely
low temperatures or other conditions which inhibit ductility.
Selection of proper materials and construction techniques is
important if brittle fracture is to be ~void~d.
Fatigue failure may follow a small number of repetitions of
inelastic strains or a large number of repetitions of strains
. 59-2'
which are apparently elastlc. Low cycle fatigue failure,
caused by repeated plastic deformations, can be avoided by careful.
attention to detail and by ensuring that the structure exhibits
elastic behavior under normal circumstances. That is, the struc-
ture must never be permitted to yield or, if permitteq to yield
once, it must "shake down" to exhibit elastic behavior thereafter.
In'this case, the designer must perform an elastic-plastic analysis
to ensure that the structure will shake down.· Fatigue cracks which
result from many cycles of apparently elastic, strains normally do
not cause spectacular failures. The propagation of the cracks
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requires a relatively long period of time. Thus, damage of this
sort may be expected to be brought to light and repaired during
routine inspection and maintenance operations. The best that a
designer can do at present to avoid fatigue under apparently
elastic strains is to perform a careful elastic stress analysis
and ensure that working load stresses remain below the endurance
limit.
Instability failures, dynamic or static, are characterized by
a rapid increase in the rate of deformations not commensurate with
the rate of application of loads. Dynamic instability failures
are induced by cyclic loads applied at or near a natural frequency
of the structure. 64- 9 Such loads can induce deformations which
increase in magnitude with each application of load and finally
lead to damage or failure of the structure. Though the actual
failure under these circumstances is an ine+astic phenomenon, the
conditions which lead to such failures can be predicted by means
of an elastic analysis carried out to determine the natural
frequencies of the structure. Such failures may be avoided by
ensuring that the structure does not have a natural frequency
close to the frequency of any cyclic loads to which it may be
subjected.
The static instability failure governs the ~ltimate strength
of structures subjected to compressive loads. The point of
difference between .the static instability and other modes of
323.1
-6
failure in ductile structures is the fact that in order to
predict the ability of a structure to withstand overloads, the
load at which the failure occurs must be determined rather than
the load or state of stress which initiates the failure mechanism.
Thus, the structure must be analyzed in its failure state in order
to predict its capacity to withstand an overload. Since instability
failures occur as a consequence of a combination of large defor-
mations and inelastic deformations, a conventional elastic analysis
cannot be used to predict the loads leading to such a failure,
and more elaborate methods must be used.
Thus, in summary, in order to ,be completely satisfactory, a
design method must result in structures which exhibit no damage
under working ·loads and are capable of withstanding a specified
overload. A succ~ssful design method must incorporate an elastic
analysis, or the results thereof, to ensure that no dam~ge occurs
under working loads. A large deformation analysis in which due
consideration is given to the effects of inelastic behavior, or
the results thereof, must be included in order that an adequate
margin of strength over that required for working loads is ensured.
This report presents the results of a survey of the literature
related to the, analysis and design of grillageB under combined
normal and axial loads. The purpose was to determine the nature
of the methods of analysis currently available and the degree to
which these methods are incorporated in design practice. Current
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design methods are discussed in Chapter 2. The methods of
analysis applicable to grillage structures, the differential
and integral equation and energy formulation in terms of plate
and beam theories, the analysis of an equivalent orthotropic
plate or beam grid and the discrete element methods, are discussed
in Chapters 3 through 7. A summary and conclusions drawn are
presented in Chapter 8.
References other than standard texts or reference books have
been abstracted. The abstract~ are placed in chronological order
on pages 146 - 173. References are cited by their number in the
listing of abstracts. For example, a reference cited tT60-7tl will
indicate the seventh paper of those listed for 1960. For
. convenience of reference, the numbers of the papers are brought
together under headings indicative of their content in Table 1.
It is believed that all types of analysis currently applied
to grillages have been included in the survey but not necessarily
every example of each type. Reference--65-l, the introduction to
Reference 65-3, the portions of References 61-8 and 64-13 devoted
to orthogonally stiffened plates and Reference 63-6 serve as
excellent sources for additional references.
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2. DESIGN OF GRILLAGES
Completely rational design methods, in which a detailed
•
analysis is performed to check the ability of a tentatively
selected assemblage of structural elements to withstand the loads
encountered in service, have _not yet been developed for ship
structures. The behavior of the sea is not yet well enough known
for the designer to be able to predict the forces imposed by the
sea on ships in service. Actually, the currently available methods
of analysis could not be used to accurately predict the response of
ships to the forces imposed by th~ sea even if they ·were known.
The lack of reliable load data and dependable methods of analysis
has led to the development of strongly empirical design approaches.
The great cost and length of time required to build a ship, and
also the fact that few ships of a given type are constructed at
the same time, preclude the construction and testing of prototype
vessels. For this reason, the empirical approach to design, as
applied to ship structures, is based on studies of the construction
and service records of ships that have been placed in service in
the past. At one time, these records were employed directly to
develop lists of properties of the structural elements of typical
successful ships of varied sizes, proportions and types. The
design of ship structures could then be accomplished by taking
member properties from appropriate lists and, in effect, dupli-
eating a vessel that had been proven successful in serviGe.
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More recently, this purely empirical approach to design has
been supplemented by analytical methods. By performing rough
structural analyses of ships subjected to standard waves, nominal
stresses are calculated. These nominal stresses serve as a
logical means of comparing similar ships. Thus, they can be used
to interpolate in the development of lists of properties for
ships of sizes between those for which records are available or
can be used as allowable stresses in a semi-rational design
procedure.
2.1 Rules of the Classification Societies
The classification societies, organizations originally formed
to classify ships for insurance purposes, have assumed a dominant
position in matters rel~ted to the design~ construction and
maintenance of commercial vessels. One of the functions of the
classification societies has been to maintain extensive records
of the details of construction, operation and maintenance of the
ships they register. The oldest of the classification societies,
Lloyds Register of Shipping, has maintained a continuous record
of thousands of ships over the past two centuries.
The classification societies have developed design rules for
conventional commerical vessels based on prolonged studies of the
records of the ships they register. These rules specify, as
functions of the dimensions of the ships, the plate thickness,
cross-sectional properties and member spacing to be used in
commercial vessels of conventional size and proportions~
323.1
The rules of the classification societies appear to be
adequate since ships built in accordance with them give satis-
factory service and can be constructed at reasonable co~ts.
However, they are limited in application, to ships of the size
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and type that have been used in the past. The current rules of
Lloyds Register of Shipping and the American Bureau of Shipping,
for example, are restricted to conventional commerical vessels of
. 65-12 65-14less than 600 and 750 feet in length, respectlvely. ' Since the
classificat'ion societies do not publish a detailed explanation of
the analytical basis of their rUles, it is difficult and perhaps
unwise to attempt to extrapolate from the design rules. For ships
which are not covered by the rules, semi-rational design methods
are employed.
2.2 Semi-Rational Design Method
As is customary in the design of statically indeterminate
structures, the first step in the structural design of ships is
to make a preliminary estimate of loads and a tentative selection
of plate thickness, member spacing and size based on past experience
or rules of thumb. Then an analysis is performed to determine the
forces that the tentat'ively selected structural, elements are
expected to withstand. The capacity of the tentatively selected
members to withstand these forces is checked and, if they are found
wanting, a new selection of members is made and the process is
repeated. ,Several adequate combinations of structural elements
may be determined and compared in terms of cost, weight or both.
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Once an economical combination of elements is decided upon, any
additional material required to provide for corrosion is speci-
fied and the design is completed.
The initial values selected for the spacing of the beams of
ship grillages are based primarily on past experience. In current
practice the longitudinals are usually on two to three feet
centers. The transverses are usually on ten to twelve feet
centers .. The initial value of plate thickness may be one which has
been found to be necessary to avoid damage due to docking or other
service conditions, or may be that calculated to support the head
of water expected in service. The longitudinals may be selected
to support the normal loads due to the ship contents and water
pressure as beams and to provide the area needed for the section
modulus of the ship cross section. The transverses are selected
to carry the normal load due to the contents of the ship and water
pressure as beams or members of a frame.
Once the tentative selection of structural arrangements and
components is completed, the ship·is analyzed to determine the
loads that each of its elements is expected to withstand. These
have traditionally peen determined by means of two separate
16-1 18-1 19-1 41-2 55-2 56-1 61-5 65-13 66-4 The aXl.alanalyses. ' , , , , , , ,
and shearing forces whi?h act in the hull parallel to the, surface
of the grillages are determined by applying the simple beam'theory
under Navierts hypothesis to the whole hull supported on the crest
323.1
of one or suspended between the crests of two standard waves.
The resulting hogging and sagging conditions are shown in
Fig. 3. Static tests performed on ships have shown that this
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approach yields reasonably accurate results for the axial stresses
at the mid-section of ships 58-1 but as noted by Vedeler, shear
lag may have a 'more pron,olITlced effect under some conditions of
. 65-13load1.ng.
Small portions of the ship structure then are analyzed to
determine the bending moments and shears induced by locally
applied normal loads. This portion of the analysis may amOllllt
to as little as assuming some degree of fixity. for the longi-
tudinals at their junction with the transverses and calculating
the bending moments and shears. 58- 4 A similar calculation may be
performed for the transverses, but the bending moments and shears
acting on the transverses have also been determined by analyzing
the ribs as polygonal frames. In an effort to account more fully
for the interaction between the longitudinals and transverses,
the grillage has been analyzed as a beam gridwork or an
orthotropic plate. Clarkson has published design charts, based
on an analysis as a beam gridwork, which can be used to determine
the maximum bending moments in a gridwork subjected to normal
65-1loads. Schade has used orthotropic plate theory to develop
similar design data. 40 - 1 Nielsen has developed an approximate
method of analysis for beam gridworks' by means of which the
influenoce of axial forces on the bending moments of the longi-
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. 65-3tudinals can be taken lnto account. Normally this effect
does not seem to be considered. It has been suggested that the
finite element.methods employed in the design of aircraft structures
be used in this calculation, but this does not seem to have been
done as yet. The methods of analysis which have been or could be
used to treat grillages are discussed in Chapters 3 through 7.
The bending moments and shears which act on the elements of
grillage "bulkheads are determined in a fashion similar to that
employed for the grillages in the hull. An average in-plane force
in a bulkhead may be determined by applying the tributary area
concept, that is, by assuming that the bulkhead under uniform
axial stress supports a specified area of the hull. Alternatively,
the reactions of the hull grillages supported by the bulkhead may
be determined and used to more realistically estimate the axial
forces in the bulkhead.
After the axial forces, moments and shears acting on the
structural elements and plates are determined, stresses are calculated
and compared with allowable values. Normally, no attempt is made
to"determine plate bending stresses with any degree of rigor.
Sometimes nominal factors of safety against failure of portions
of the, structure are computed and compared with allowable factors.
If the stresses determined in this calculation are too high or the
factors of safety too low, a new selection of members is made and
the process is repeated. Sometimes this procedure is applied at
3'23.1
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a series of cross-sections to account for the variation in axial
forces but often the members selected to resist the maximum
axial forces are carried through the central half to two thirds
of the ship length.
The design calculations performed for the grillages emp~oyed
as highway bri~ge decks are comparable to those performed for ship
grillages. Orthotropic plate th~ory has been us~d as the method
of stress analysis by means of which the adequacy of tentatively
selected structures l·S checked.63-l S t· · 1 1··Offie lmes a slmp e ana YSlS lS
perform'ed in which the longitudinals are treated as individ-ual
beams. Some portion of the loads which act on the deck is assumed
to be distributed to each of the beams and simple beam theory is
used to analyze the beams individually.6l-6 In current practice,
highway bridges are designed to meet allowable stress or allowable
deflection requirements. No attempt has been made to apply
ultimate design concepts.
The methods of analysis currently employed as part of the
design procedure are not sufficiently exact to yield a highly
accurate prediction of the state of stress at a point in a ship.
Since these methods are used, in conjunction with a standard wave
and estimated. loads, the stresses computed as part of the design
calculation may not reflect even approximately those encountered
in service. Thus, such methods would be of little merit in the
des,ign of novel structures to withstand unusual loads because they
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could not be used to predict the occurrence of yielding, brittle
facture- or fatigue under working loads. The empirical basis for
the allowable stresses compensates to some extent for any
inadequacies in the analytical methods as well as uncertainties
with respect to the loads expected in service. As long as such
design procedures are applied only to ships very similar to those
studied to determine allowable stress values, they should be
adequate. Their application to the design of ships which differ
significantly from those constructed in the past is questionable,
however, since the empirical data may be less applicable to them.
The ultimate strength concept of design may be resorted to in
an effort to ensure that individual components of the structure
do not approach their ultimate load under working loads. Alter-
natively, it may be employed to ensure that the structure as a
whole has a capacity to withstand a load greater than the maximum
working load. In the design of ships, the ultimate strength
concept is applied to individual structural elements. An attempt
has been made to estimate the ultimate strength of the longi-
tudinally stiffened plates spanning adjacent transverses in order
to calculate the ultimate bending moment capacity of the hull
cross-section but the ultimate strength concept has not been
applied to any larger portion of the hull.
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The ultimate strength design concept, as applied to ship
structures, is probably exemplified in the Design Dat? Sheets of
the Department of the Navy and the series of articles by Wah
related to ship plating under normal, axial and combined
loads.57-l,60-l,~,3,4 The Department of the Navy in its Design
Data Sheet on the Strength of Structural Members presents a
straight line interaction fo~mula for nominal factors of safety
for members under combined loads of the form
F.S. = 1 (2.1)
in which F.S. is a nominal factor of safety against an allowable
safety for longitu~inally stiffened plating under combined loads
stress or failure, f
c
the stress due to axial loads, f B the.
compressive stress due to bending, F
c
the ultimate or allowable
stress on the elements as a column, and Fy the yield stress in
tension. A comparable expression ,is presented for the factor of
(2.2)F.S.
in the form
in which F
u
is the average ultimate stress on the plate, F
c
the
ultimate stress on the stiffeners as col~mns, F the yield stress,y
f
c
the axial stress on the panel and f B the maximum axial stress
in the plate due to bending of the stiffened panel under normal
loads.
323.1
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Wah has presented data from various sources of the type
currently used in working stress and ultimate strength approaches
to design of ship grillages in Ref. 60-1,2,3,4. The work
contained in these articles is concerned mQre with plates than
-th -II H S h d' d - curves 40 - l forWl grl ages. owever, cae S eSlgn
grillages under normal loads are included as is a treatment of
the ultimate strength of longitudinally stiffened panels under
axial load. Wah's suggested treatment of the ultimate strength
design of axially loaded, longitudi~ally stiffened panels consists
of proportioning the stiffeners such that they do not buckle before
the ultimate strength of the plates is reached, and assuming that the
ultimate strength is equal to the sum of the strengths of the
plating and stiffeners.
Kondo and Tsuiji have recently developed methods of determining
the ultimate strength of longitudinally stiffened plates under
- 65-10 65-11combined loads for the thick and thin plates respectlvely ,
which can be used in place of the interaction curves currently
employed in the design of ship grillages. Their analyses are based
on a treatment of a stiffener and the associated plate as a beam
column. Kondo introduced a consideration of the inelastic
behavior in his analysis and Tsuiji has also included a consideration
of the post buckling behavior of plates.
323.1
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The nominai factors of safety specified for individual
elements of the ship structure are not in their own right an
adequate assurance that the elements have a specified margin of
strength over that required for working loads. The factors of
safety were originally determined by performing rough elastic
analyses of existing ships on standard waves and dividing some
measure of the ultimate strength of the individual elements by
the calculated· working stress. The analyses performed to estimate
the working load stresses take into account so little consideration
of either the loads to which the ship is subjected in service or
the structural behavior of the ship that the relationship between
the true and nominal factor of safety of ~he individual elements
is tenuous at best.
Even if the factors of safety cur~ently specified for members
were used in conjunction with a refined working load an~lysis and
reliable load data, it would not ensure that the hull cross-section
has a specified moment capacity. -Estimating the ultimate moment
capacity of the hull cross-section in terms of the strength of
the longitudinals and plating .between adjacent transverses fails to
take into account th~ possibility that; 1) the grillage as a whole
may fail at a lower load than the sum of the strengths of the individual
members 2) that the strength of the individual members acting as part
of a grillage may be different than that calculated for the member
acting by itself or 3) that not all of the members can reach their
ultimate strength at the same time.
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The current design procedures may actually indirectly make
provision for these possibilities. The design of transverses to
withstand normal loads, as is currently done, might well ensure
that they are sufficiently rigid to cause failure to occur in the
longitudinals and plate before the grillage fails. Possibly the
estimates of the ultimate strengths of the individual elements now
used are close to the actual strength they exhibit in a grillage.
Current limitations on member spacing and plate thickness may
ensure that the first elements to obtain their ultimate load can
sustain it through the deformations required to permit the
remaining element to reach their ultimate loads.
It cannot, however, be said with assurance that this is the
case until better analytical methods are available. Neither the
relative proportions of elements and spacing limitations required
to make the currently used design assumptions valid nor the ultimate
strength of grillages for which they are not valid can be determ.ined
until a method for the large deformation inelastic analysis of
'grillages under combined loads is developed.
In short, using the results of ultimate strength analyses of
individual structural elements and elastic analyses of the entire
structure does not ensure a specified level of strength for either
the individual elements or the structure as a whole. Since this
approach cannot be employed to ascertain the actual strength of the
structure, it must be restricted to the evaluation of the relative
strength of two very similar structures. Thus, it can only be used
323.1
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with assurance in the design of ships essentially the same as
those currently in existence. It cannot be used to design novel
vessesl subjected to unusual loads.
2.3 Summary
To summarize briefly the discussion of current design
procedures, ito-can be said that the design of ship grillages owes
more to art than to science. Current design methods are not
completely rational in that no rigorous analysis, elastic or
ultimate strength, is performed as part of the design and no
direct attempt is made to ensure that the members are so propor-
tiQned that the patterns of behavior assumed for design purposes
are assured. The inadequacies in "the methods·of analysis and
uncertainties -as to expected loads are compensated for, to some
extent, by the fact that th~ allowable stresses and factors of
safety used in conjunction with current design met~ods ~ere
determined by performing similar analyses on successful ship
designs. The current design procedures result in adequate
structures which can be constructed at a reasonable cost. However,
it cannot be said with assurance that the designs resulting from
such procedures are the best possible, or that ·different ships or
even different parts of the same ship have consistent factors of
safety against an ultimate load until better analytical methods
are available.
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3. ANALYSIS OF PLATES AND BEAMS
A structural analysis is performed in order to determine the
stresses and deformations throughout a body which is subjected to
external forces or constrained to deform in a prescribed fashion.
The most general approach to the analysis of structures is to
employ the equations of equilibrium and compatibility and a stress-
strain law to develop differential or integral equations for the
deformations or components of stress for every point in a body.
The formulation and solution of such differential and integral
equations constitutes part of the realm of study of continuum
mechaniGs. The exact solution of the partial differential or
integral equations of continuum mechanics is difficult even for
relat~vely simple structures. Their exact solution is virtually
impossible for complex structures because of the difficulties
inherent in the determination of functions which satisfy the
differential equations and fulfill all of the necessary boundary
conditions. The complexity of the grillage structure precludes a
direct application of the differential equations of continuum
mechanics. However, certain aspects of continuum mechanics are
germ~in to the development of other methods of analysis. For
Cv·lt\_Q~"/
information in this area an interested reader can go to the standard
references by Muskhelishvili, Sokolnikoff, Green and Zerna, Prager
d H d Hell 63-13,56-7,54-3,51-3,50-1an 0 ge, or 1 .
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3.1 Plate and Beam Theories
In order to reduce the number of independent variables and to
make the boundary conditions more tractable, advantage is taken of
simplifying assumptions based on intuition and observatio~ of
structures for the purposes of analysis and the grillage is
segmented into· its component plates and beams. The theory of these
elements is discussed in the following sections. To develop plate
theory it is assumed that strains normal to the middle plane of a
plate may be neglected and that strains parallel to it occur in a
prescribed manner. Under these assumptions the deformations, and
thus the state of stress, throughout the plate ,are completely
defined by the deformations of its middle plane and by the assumed
pattern of deformation for a line originally normal to the middle
plane. In the thin plate, theory discussed her~ transverse shearing
deformations are neglected and thus a straight line originally
normal to the middle plane is assumed to remain straight' and normal
after plate deformations. In case of thick plates this assumption.
would not be satisfactory and, for example, in the Reissner theory
the originally· straight and normal line is assumed to remain
straight but to deviate from .the normal after deformations.
Under the assumptions of conventional plat~ theory applicable
to thin plates, the deformations of a plate are completely defined
by the deformation of its middle surface. Thus, ~he stresses may
be determined and integrated over the plate thickness to obtain the
forces which act on a differential element of the middle surface of
the plate. ' For a plate with a right handed orthogonal coordinate
system the x· and y axes of which are in its middle plane, ,the
equations of equilibrium may be written as
a2M o2M o2M o2w o2w 2x xy +~ N N Ny o W + q 0 (3 .1)-- + 2 + --+ oXoY + =
ox
2 oXnY oy2 x ox 2 xy oy2
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(3.2)
(3.3)
in which M and M are the bending moments per unit length about
x y
the y and x axes respectively, M is the twisting couple per unit
xy
length, N
x
is the axial force per unit length~the x direction,
I/VV
Ny is the axial force per unit 1ength~~he y direction, N is
Uvv xy
the shear force per unit length on a face normal to the x axis in
the direction of the y axis, and q is the normal load per unit area.
These differential equations of equilibrium are based on the
assumption that the deformations normal to the middle plane of
the plate may be large relative to the thickness of the plate. h
but are small relative to the length and width of the plate.
A generalized stress-strain law must be employed in order to
express Eq. 3.1, 3.2 and 3.3 only in terms of deformations of the
middle surface of the plate. For linearly elastic behavior the
force-displacement relationships for large deformations are
323.1
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(3.6)
(3.5)
(3.4)
12(1+v)
2I2( I-v )
M =xy
M =y
EhNx = --2I-v
2
( au· 1 (~Wx)oX' + '2 0 'dv + .Yo+ \J dY 2 (3.7)
Ny _ Eh
2
(OV + 1:. (OW) 2 oU + \I (OW) 2 )oy 2 oy + \) oX '2 oX 'I-v (3.8)
Eh
= 2( I+v) (3.9)
in which E is youngts modulus, 'J is Poisson's ratio, u is the
displacement of the middle surface in the x direction, v the
displacement of the middle surface in the .y direction and the other
terms are as defined earlier .
. Equations 3.4 through 3.9 may be introduced in the differential
equations of equilibrium, Eq. 3.1, 3.2 and 3.3, to obtain three
coupled nonliDear differentia.l equations for the three displace-
ments of the middle surface qf the plate u, v and w. It is
customary, ho~~v~r, to replace Equations 3.2 and 3.3 by the
differential equation for Airyt s stress function ~ (x,y) and to
express forces N ,N and N as functions of ¢ (x',y) in Eq. 3.1.
x y xy
As a result three coupled equations are reduced to two
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4
V w = (3 .10)
in which 4 dernotes the bi-harmonic differential operatorV
V4 0
4
+ 2 0
2 02 04
::::
ox
4
ox
2 oy2
+ --
Oy4
(3 .11)
2
= ~((O~~;) -
and
and
D = 2l2( I-v )
In the most general analysis of grillages, which must include
a determination of the ultimate strength under.combined loads, the
differential equations of equilibrium of the plate elements Eq.
3.1, 2 an 3, must be used in conjunction with generalized stress-
strain laws which provide for the occurence of inelastic behavior.
However, generalized stress-strain laws for differential elements
of plates which exhibit inelastic behavior have not yet been
developed. They can be approximated by treating the plate as a
sandwich plate the layers of which are in a state of plane stress
as done in the numerical tTeatment of shell problems by Marcal
and Turner63 - l2 and the numerical treatment of plate problems by
Lopez and Ang. 66- l
To develop beam theory, it is assumed that strains normal to
the longitudinal axis of the beam may be ignored and that all other
323.1
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deformations can'be described in terms of the displacements of
the longitudinal axis of the beam and the rotation of the cross-
the shear center ,may be written in the form
section. Under these assumptions the three coupled differential
equations of bending and twisting of elastic beams loaded. through
(3.12)
(3.13)
4 2 d 2¢EI d w +p ( d w - y = ay d 4 . . d 2 s --2) + qzx x dx· .
4 ( d2v ::~) + Cly -= aEI d v P--+ --+ zz dx4 dx2 s
(3 .14)
in which y and z are the pr'incipal centroidal axes of the cross
section and x is the centroidal axis of lengt~, I
z
and I are the
.y
moments of inertia of the cross section about the z and y axes, I
w
is the warping torsional constant, K is the St. Venant torsional
2 I p ' 2 2
constant, r o = 1r + (Ys) + (zs) , I p is the polar moment of
inertia of the cross section~ z is the z coordinate of the shear
s
center, ~s is the y coordinate of the :shear center, v and ware
deflections in the y and z directions, 0 is the" rotation of the
cross section about the x axis, q and q are loads per unit length
. . y z
in the y and z directions, P is the axial force tn the beam and T
is the twisting moment about· the shear center per unit length.
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When the effects of inelastic behavior are to be included in
the analysis of beams, the generalized stress-strain laws or
alternatively the cross-sectional properties of the beam, become
functions of the yield stress, pattern and magnitude of residual
stresses, and the beam deformations. Exact expressions for the
inelastic generalized stress-strain laws for beams under combined
biaxial bending, torsion and axial loads are not available.
Numerical methods may be employed to determine the state of
stress corresponding to prescribed deformations or the limit
theorems of plasticity may be employed to determine approximate
expressions for the generalizedstress-strain laws. Aiternatively,
the plastic hinge concept, in which the beam cross section is
assumed to exhibit elastic-perfectly-plastic behavior, may be
employed.
3.2 The Effective Width Concept
The effective width concept is utilized to reduce the analysis
of stiffened plates to an analysis of the stiffeners. In this
approach the stiffeners are assumed to behave as beams, the flanges
of which are made up of some portion of the plate. The portion of
the plate assumed to act effectively as a flange of the beam is
termed the effective width at that cross section. Frequently, it is
assumed for the purposes of analysis that the effective width is
constant over the length of the member. The methods of analysis
.in which the grillage is treated as an open beam grid and most of
the methods in which it is treated as an orthotropic plate are
based on this assumption.
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Use of the effective width concept in lieu of a direct appli-
cation of plate theory greatly simplifies the analysis and for
some purposes, this approach to the problem is adequate; However,
simplicity is achieved at the expense of.rigor. Several aspects
of the behavior of grillages which either cannot be taken into
account at all or can be accounted for but imperfectly by means of
the effective width concept are significant in the analysis of
grillages under combined axial and normal loads. In order to
facilitate the discussion of the methods employing the effective
width concept, attention is directed to the matter at this point
to make ,apparent the assumptions inherent in its use.
The effective width concept has been used-to account for the
effects of shear lag and post-bu~kling behavior of plates. Normally,
these two effects are taken -into, account separately, shear lag by
means of a small deformation analysis of the stiffened plate and
post-buckling behavior by means of a large deformation analysis of
a single plate panel.
In the'analysis performed to determine the effective width to
account for the effects of shear lag it is normally assumed that
bend~ng of the plate will have little effect on the results. Then
the plate bending equation, Eq. 3.10, may be dispensed with and the
behavior of the plate p~nels may be defined by,means of the equations
for in-plane forces, Eq. 3.2 and 3.3 ·or Eq. 3.11, simplified for
small deformations to the form
4V - ~(x,y) = 0 (3.15)
323.1
The behavior of the beams is taken into account in the boundary
conditions imposed on the solution to Eq. 3.15. For a s~ngle
stiffener acting with a plate as a simply supported beam, for
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example, one boundary condition can be arrived at by equating the
axial strains in the beam and plate. Another condition is that
the resisting moment at a cross-section of the plate and stiffener
acting as a beam must equal the bending moment due to applied loads.
The remaining boundary conditions in this case would be that the
exterior boundaries of the plate are stress free. A similar approach
can be taken for a typical stiffener taken from a wide stiffened
plate in which each stiffener is subjected to the same load. The
only difference in this instance would be that a boundary condition
of zero displacement can be imposed, instead of zero stress, at a
line midway between the stiffeners.
After Eq. 3.15 is so1ved,the axial and shearing forces in the
plate are determined from Airy's stress function ~ (x,y), by means
of the relationships
2
N
x =
o ~(x,y)
ay2
2
N =
a 0(x,y)
y ox2
N
xy =
a
2Qlex,y)
oXoY
A distribution of the
width of the plate at
(3.16)
(3.17)
(3.18)
axial force per unit length, N·, ac·ross the
x
different cross-sections as determined in
this type of analysis is shown in Fig. ~. The procedure followed
~
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to determine the' effective width of plate, once the distribution
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of axial stresses is known, depends upon the use to be made of the
effective width. If it is to be used to calculate an effective
bending rigidity for the cross section or a section modulus by
means of which stresses in the stiffener may be evaluated, the
axial forces N
x
are integrated over the plate width and the
resultant total force divided by the stress in the stiffener at
its junction with'the plate. The effective width corresponding to
the stresses in Fig. 'a are shown in Fig. 3b.
~ ~
In general, the stress determined for 'the plate will differ
from that of the beam at their junction, because the restraint
offered to lateral deformations in the plate is taken into account
but is ignored in the beam. Thus, the section modulus employed to
determine stresses in the beam cannot be used to determine the
plate stress. However, if it is so desired,a second section
modulus can be determined for the calculation of the maximum plate
stress by dividing the moment by the maximum plate stress. A pape~
by Schade contains a discussion of this aspect of the problem and
lists enough references to serve as an introduction to the
literature. 51-1
Several aspects of the results in this form of analysis are
significant~ The effective wid~h varies over the length of the
member. The variation is a function of the bou~dary conditions of
the plate and beam and the distribution of loads. The magnitude
is, in addition, a functionoft~e crosss-sectional properties of
of the plareand beam. However, the effective width is independent
of the magnitude of the load.
The effective width concept is also used to represent the
elastic post buckling behavior of plates. As yet, this has been
accomplished for axially loaded plates with boundaries which do not
deflect normally to the plate but not for plates bounded by beams.
The approach taken in this instance is to solve numerically the
differential equations of bending and stretching of plates, Eq.
3.10 and 3.11 with q set equal to zero. After a solution is
obtained, the distribution of axial stresses across the loaded
ends of the plate may be determined .. The stresses are integrated
and divided by the maximum stress to determine an effective width.
It is important that in this case the effective width is a function
not only of the boundary conditions an~ the distribution of the
loads but also -of the magnitude of the loads.
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From the foregoing discussion it should be apparent that in
order to actually determine the effective width at each cross-
section of each beam in a grillage-, the grillage itself must be
analyzed and thus the need for the effective width concept is
negated. However, for many purposes a rough measure of the
effective width, assumed to be uniform over the length of the
stiffener, is adequate. If the stiffener is combined with a wide
plate, the neutral axis will be close to the plate. Thus the
location of the neutral axis and the moment of inertia of the
cross-section are relatively insensitive to variations in the
effective width~ For this reason a rough estimate of the value of
the effective width, assumed to be uniform over the length of the
beam, can be used in an analysis performed to determine deflections
of the grillage beams.
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The section modulus for points far removed from the neutral
axis is not strongly affected by its value. Thus, a rough
estimate of the effective width can be employed to evaluate the
stress in the flange of the stiffener which normally is the largest
and thus of greatest interest in the design of grillages under
normal loads. Since the distance from the -plate to the neutral
axis is small, the value of the effective width selected will have
a more pronounced influence on the maximum plate stress. Thu~ when
the stresses in the plate are of interest, a more correct value of
the effec'tive width must be known. This means that in the analysis
of grillages under combined normal and axial loads, when plate
stresses may be-higher than stiffener stresses and thus must be
checked, the use of a rough estimate of the effective width is
not justified.
In the analysis of grillages under axial or combined loads,
second order effects which may be neglected when only normal loads
are present become significant. The use of the effective width
concept in lieu of a direct application of the requirements of
equilibrium of forces and compatibility of deformations parallel
to the centroidal axes of the beams at the plate-beam interfaces
fails to give due consideration to two phenomena which may be
323.1 -33
significant when second order effects are considered. Neither the
changes in distribution and magnitude of in-plane forces in the
plate as t0e grillage bends nor the curvature induced in the beam
elements, and thus the grillage, as they act to constrain in-plane
deformations (stretching) of the plate, can be taken into account.
The changes in the distribution and magnitude of the axial
stresses in the plate due to bending of the plate-stiffener
combination are probably of little importance in a buckling
analysis since no normal load is present and the bending considered
is only the infinitesimal deformation which occurs as the grillage
begins to move out of its plane., However, in grillages under
combined loads, appreciable changes in both the magnitude and
distribution of in-plane stresses occur as the grillage bends.
Since the distribution and magnitude of the in-plane stresses have
a bearing on the behavior of plates when second order effects
become significant, they must be known in order to determine the
behavior of the plate and thus of the grillage.
The second phenomenon, the cu~vature induced by stretching, may
be significant in either a large or small deformation ,analysis.
This phenomenon is illustrated in a much simplified fashion in
Fig. 5 for a plate of thickness h and a beam of depth d. The
plate -beam junction is shOwn in the undeformed state in Fig. Sa.
In Fig. 5b the plate is released from the beam and subjected to an
axial deformation e. As a result there will be a lateral strain
x
€y = - Vex. This ~teral defo~ation ca~es the ends of ~e plate
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to move away from the ends of the beam. Forces P, equal in
magnitude and opposite in sense, may be applied to the beam and
the plate segment to restore compatibility, at the beam~plate
interface as shown in Fig. 5c. The net.effect of this pair of
forces is equal to a zero axial force and a couple of magnitude
d hP(2 + 2)· A couple, equal in magnitude but opposite in sense,
must be superposed to restore the static boundary condition of
zero reaction. The final deformations consist of the shortening
shown in Fig. 5c and the bending shown in Fig. 5d. This bending
actually invalidates the conventional buck~ing analysis since an
initially flat grillage begins to. deform out'of plane as soon as
an axial loa~ is applied. It is believed that it may have a
significant effect on the behavior of grillages subjected to
combined loads.
In summary, the effective width concept can be used to
advantage in an ·analysis performed to determine the stresses in the
beams of grillages under normal loads because a rough estimate of
effective ,width can be used. It has little merit, however, when
plate stresses are of interest because an accurate value of the
effective width must be known' to determine the plate stresses.
An accurate value of the effective width can -be- determined only by
analyzing the grillage. Finally, the effective width concept
cannot be used to take into account second order effects which may
significantly influence the behavior of grillages under combined
loads.
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3.3 Indeterminate Structural Analysis
The physical models employed to represent grillage structures
for the purposes of analysis are statically indeterminate. Thus,
the requirements of compatibility and the load-deformation behavior
of the elements of the models must be taken into account to develop
the equations required beyond those of static equilibrium in order
to determine the response of the models to applied loads. There are
two broad approaches to the analysis of statically indeterminate
structures, the force methods and the deformation methods.
In the fo'rce methods, the forces which act between adjacent
structural elements are treated as the unknowns. Values are
assumed for enough of the-redundant forces to permit the state of
stress throughout the system under the applied loads to be
determined, in terms of the assumed values, by the equations of
static equilibrium. The load deformation relationships of the
members are employed to determine 'the relative deformations at
each of the junctions resulting from the application of unit values
of the redundants and the degree to which compatability is violated
at the junction of the members for the applied loads and the assumed
values of the redundants. Then the requirements of compatibility
are imposed by setting to zero the sum of the relative deformation
due to the loads, assumed values of redundants, and the products of
the correction to the assumed redundants and the relative deformation
~
due to a unit redundant. The resulting set of s.imultaneolis equations
is solved for the corrections to the assumed redundant forces and
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the true walues 'of the redundants determined by adding the
correction to the assumed values. The load deformation relations
of the members may be used in conjunction with the corrected
redundants to determine the deformatioD9 of the system if desired.
In the deformation methods, the displacements of the junctions
of the structural elements are treated as the illlknOwnS., Values are
.assumed for the deformations of the junctions of the structural
elements which satisfy the requirements of compatibility but in
general violate the requirements of equilibrium. The load-
deformation relationships of the members are employed to determine
the total unbalance of forces at each junction corresponding to unit
deformations' which maintain compatibility and the ,unbalance result-
ing from the assumed values of the deformation. Equations of
equilibri't.un are ,then written in which the unbalance of force's due to
the loads and assumed deformations plus the product of the unbalance
due to unit deformations and the corrections to the assumed
deformation are set equal to zero. The reSUlting set of simul-
taneous equations is solved for the corrections to the assumed
values of deformations at the ,junctions and the final values of
the deformations determined by adding the corrections to the assumed
values. Once the values of the deformations. at" the junctions are
known, the load~deformation relationships of the elements may be
employed to determine the forces which act at the junctions.
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The differential equations of plate and beam theories, the
effective width concept and the methods of indeterminate analysis
are the basic tools employed in the analysis of structures made up
of plates and beams. Their application. to the analysis of grillages
will be considered next.
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4. APPLICATION OF PLATE AND BEAM THEORY TO
THE ANALYSIS OF GRILLAGES
Conceptually at least, plate and beam theories can be
applied directly to the analysis of grillages under combined
loads by means of a differential equation, integral equation or
energy formulation. Practically, however, this proves to be
difficult because the resulting differential, integral or
algebraic equations are not readily solved exactly or numeri-
cally for other than simple structures which behave according
to linearly elastic small deformation theory ..
4.1 Differential Equation Formulation
In the differential equation formulation of the analysis of
grillages the problem is to determine functions which satisfy
the differential equations of equilibrium of the plates and beams
and fulfill the boundary conditions imposed by the requirements
of equilibrium and compatibility at their junctions and at the
periphery of the grillage. In general, the trigonometric,
hyperbolic and algebraic functions which satisfy the differential
equations of the plate will be of the form required to satisfy
the differential equations of the beams. Thus, only the form of
the solutions to the differential equations of the plate need be
determined.
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After the forms of the possible solution function are
established, the functions are multiplied by arbitrary constants,
combined and the constants evaluated to satisfy the differential
equations and the equations of equilibrium and compatibility at
the plate boundaries. Each of the differential equations of the
plates, two if Airyt s stress function is used to describe the
in-plane behavior, may be employed directly to obtain one equation
for the constants. The compatibility equations are employed to
express the deformations of the beams in terms of the deformation
functions for the plate. Then the equilibrium equation~ are
written for the beam-plate interfaces and the periphery of the
grillage to obtain the remaining equations for the coefficients.
If these equations can be solved exactl~ the exact solution is
possible. If not, they must be solved numerically or the problem
should be formulated in a different fashion.
In an ultimate strength analysis of grillages the effects of
large deformations and inelastic behavior must be taken into
account. To do so, a nonlinear strain-deformation relationship
and a nonlinear stress-strain law must be employed in the
differential equations of equilibrium. Consequently, the behavior
of the grillage is defined by sets of coupled nonlinear differential
equations. Even with a linear stress-strain law, the nonlinear
terms in the strain-deformation relationship make the differential
equations (Eq. 3.10 and 3.11) nonlinear if large deformations are
considered. Nonlinear differential equations are difficult to
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deal with in general. The· closed form solution of nonlinear
partial differential equations is vi~tually impossible. Some
progress has been made in the numerical solution of the large
deformation plate equations for elastic behavior65 - 9 and
· 1 · b h · 61-9 1 · hlne astlc e aVlor. However, no. so utlon as been ~btained
for plates bounded by beams. As will be discussed later, approxi-
mate methods based on physical models, have been developed, which
show much promise.
In order to simplify the mathematical formulation of plate
and beam problems, it is,normally assumed that deformations are
small and the stresses are below the proportional limit. Then the
stress-strain and strain-deformation relationships may be treated
as linear and Eq. 3.10 and 3.15 describe the behavior of the
plates, .and Eq. 3.12,13 and 14 describe the behavior of the beams.
The equations for the beams act to couple Eq. 3.10 and 3.15
because the boundary conditions of both the plane stress and
bending differential equations are functions of the beam behavior,
unless the beams are symmetric with respect to the plate. Since
the solution to Eq. 3.15 must .be used in Eq. 3.10, the two equations
are related, in a sense, as are Eq. 3.10 and .3.11 in large
deformation theory. Thus, as in the case of large deformation
theory, an exact solution is not possible. An iterative solution,
in which Eq. 3 .10 and' 3 .15 are solved repeatedly for each panel.
with the i-th solution to Eq. 3.15 introduced in Eq. 3.10 for the
(i+l) iteration until the plane stress solution remains essentially
323.1
unchanged for two cycles, might be used to advantage in this
type of analysis. However, this has apparently not been done
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to date.
The problem can be simplified further by assuming that
-either bending deformations are infinitesimal or that in-plane
stresses are small enough not to influence the bending behavior
of the plates. Under this assumption Eq. 3.10 takes the form
4' qV W = D (4.1)
and the in-plane behavior is defined by Eq. 3.15 or the alternate
formulation in which the stress-strain and strain-deformation
relation are introduced in Eq. 3.2 and 3.3 to obtain diff~rential
equatiorofor in-plane displacements. The equations in this form
are not coupled by the equations for the beams, although their
qolutions are. Thus, the principle of superposition is directly
applicable and the solution is greatly facilitated.
A systematic method of solving the small deflection plate
bending and in-plane deformation- equations approximately, employed
b G Idb d L 57-4. th 1· f f ld d 1 t tY 0 erg an eve ln _ e ana YS1S 0 0 epa e s ructues,
has been adapted by Scordelis to the analysis of cellular highway
bridges under normal loads. 66- 9 The structure considered is a
doubly plated grillage with longitudinals and transverses
(diaphragms) of eq~al depth. It is assumed for the purposes of
the analysis that the transverses are perfectly rigid in their
planes and perfectly flexible normal to their planes. The
323.1
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analysis as performed by Goldberg and Leve is based on the assumption
that the homogeneous solution to Eq. 4.1 may be adequately
represented by a product function of the form
co
W '= E sin mTTX (A sinh fiTTY + B cosh fiTlY +
t m b m ~
m=l
+ em sin fillY + D cos mTTY)b m b (4.2)
in which t and b are the dimensions of the 'plate in the x and y
directions respectively, of the panel. This form of solution was
employed to determine the moments and reactions corresponding to
rotations and 'displacement's of the boundaries for each harmonic of
the Fourierseries in x. A similar type of solution was employed
for the in-plane displacements to develop expressioffi for axial and
shearing forces at the boundaries for each harmonic of the Fourier
series in x. Then, for each of the plate elements subjected to normal
loads, a solution was determ'ined for boundary conditions· of simple
support at the ends and complete fixity of the edges in terms of a
Fourier series in the x direction and the correspo'nding edge faces
and moments, were determined for each harmonic of the Fourier series.
Equations of equilibrium" could then be written for each line of
intersection of plate elements in terms of the boundary deformations'
and the fixed edge solution for each harmonic. This led to a
deformation method of analysis in which four equations of equilibrium
must be written for each line of intersection of plate panels.
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In order to adapt this form of analysis to cellular highway
bridges with transverses rigid in their plane and flexible normal
to the plane, Scordelis assumed the reaction between transverses
and plating to be concentrated at the third points of each plate
panel. He performed an analysis to determine the response of the
structure to unit redundants at those points by means of the
methods used to analyze the structure without transverses. The
results were used to determine the redundant forces required to
restore compatibility at the junction of the transverses with the
other elements. He found that employing eight terms of a Fourier
series yielded results very close to those obtained by using fifty
terms for regions of the bridge removed from concentrated loads.
This form of analysis does not seem to be well suited to the
application for ship grillages since the effects of neither axial
forces nor the bending of th~ transverses are taken into account.
However, the basic concept of performing an analysis for each
harmonic might be extended and used in conjunction with a product
ex> co
I: E .
solution of the form w = m=l n=l Cmn Ym Xn .· In this approach an
analysis would be performed for each product of terms in the x and
y directions to account for the eff~cts of bending of the transverses.
This might serve as a basis for an iterative solution in which the
effects of axial load on bending behavior are to be taken into account.
In conclusion it can be said that the differential equations
approach to the analysis of grillages under combined loads is open
to research. To date, only approximate solutions have been
323.1
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developed for the small deflection elastic analysis of grillage
under normal loads. Neither the nonlinear differential equations
required to perform an ultimate strength analysis nor' the simpler
differential equations applicable for ~ working load analysis
have been solved exactly or numerically for plated grillages
under combined loads.
4.2 Integral Equation Formulation
Another approach to tDe problem', embodying the same assump-
tions concerning physical behavior, is. the formulation and solution
in terms of integral or.integro-differential.equations. The
methods discussed here can be applied only in an elastic small
deflection analysis since they require . validity of the principle
of superposition. The behavior of the plate extending over the
entire grillage is defined by its response to the application of
a··unit load at some arbitrary point on the surface of the plate.
The function describing this' response is the influence function
for the deflections of the plate, Green's function G (x,y,S,~).
Conceptu~lly it is the solution to the differential "equation
(4.3)
s.ubject to the boundary conditions of the plate at the periphery
of the grillage. Terms 6(x-S) and 6(y-~) are Dirac delta
functions which are equal to unity for x=s or y=~ and are equal
to zero for all other values of x and y. Thus, Green's function
G(x,y,S,~)'is the deflection at a point with coordinates x,y due
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to the application of a unit load at a point with coordinates
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In order to determine the deformations of a plate resulting
from the application of a variable line load of magnitude t(S)
at ~=a, the product of the load function t(S) and Greents function
may be integrated with respect to S over the length of application
from ~l to S2' that is,
S2
w (x,y) = J t(s) G (x,y;S,a)dS
Sl
( 4.4)
To determine the deformations due to a distributed load q(S,~) a
similar operation involving a double integration with respect to
S and ~ is performed over the loaded region.
~2 11 2
w (x, y) = J. J- q (l; , iy)) G ( x , y , ~, 'l'l) d Sd11
Sl . Tl1
In the above two examples w(x,y) can be expressed as a simple
(4.5)
in~egral of a product of known functions because the lateral load
on the plates is. specified directly. When the lateral load is a
function of the deformation, the integrals shown in Eq. 4.4 and
4.5 become integral equations. If, for example, a line load at
~a is composed of a reaction of an elastic restraint k·w plus a
line load of constant value t, the response of the plate is
expressed by the Fredholm integral equation
S2
w (x,Y) = r (t-k w(S,a)) G (x,Y,s,a)ds
S1
(4.6)
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in which w(x,y) is the unknown, G(x,y,S,~) is the kernel and
SJ- 1 t G (x,y,s,ll) is the free term. The analysis o,f the plate is
S2 .
accomplished by determining the function w(x,y) which satisfies
Eq. 4.6.
If the elastic restraint is a function of a derivative of the
deformation w(x,y), the expression used to determine w(x,y) is an -
integra-differential equation. For instance, if the plate rests on
but is not connected to a beam at '''l=a the force betwe~n the plate
and beam r(S,a) is given by
r (l;,a) (4.7)
in which Eb and I b are Young's modulus·and the second moment of
area of the beam cross-section. If this value of the elastic
"
restraint force is substituted in Eq. (4.6) in place of the term
k.w, the resulting integra-differential equation is
1;2 4
J
- Q we ~ 2 a) (
w (x,y) = 's (.t-Eb1 b ox4 G x,y,S,a)ds
1
(4.8)
Again, a function is sought .which satisfies this integro-differ-
ential equation.
In a fashion similar to the foregoing, an influence function
G (x,y,s,'fl) for a unit· couple, may be used to treat plates
m
subjected to a distributed couple. If the distributed couple has
a known value, the expression for the deformation will appear in a
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form similar to Eq. 4.4. If the couple is due to a distributed
elastic restraint and, thus, a function of the rotation at a
point, the expression for deformation will appear as an integro-
differential equation containing the first derivative of the
deflection function. If the distributed couple arises due to an
elastic restraint offered by a beam, the integro-differential
equation will contain second and third partial derivatives of the
unknown deflection function w.
The integral equation formulation of plate problems can also
be accomplished in a somewhat different fashion than that outlined
above. For instance, the problem of an elastic plate under normal
loads, supported on Winkler type foundations over portions of its
area and elastically restrained against translatio~ and rotation
over some portion of its periphery has been studied by Kaliski and
Nowacki.~3-9 The problem was formulated in terms of the Fredholm
integral equations of the first, second or mixed types, in which
the influence functions for the plate served as the kernels and
the support reactions were the functions sought. The solutions to
this system of integral equations were used in turn with the
influence functions to obtain the deflection surface for the plate.
Several examples of rectangular plates with various elastic
restraints and subjected to normal loads were included. The
method presented by Kaliski and Nowacki may be used in the analysis
of the bending of the plate between stiffeners 'in a grillage
consisting of a relatively thin plate and massive beams. For such
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a grillage it is reasonable to assume that the deflection of the
plate between beams is much greater than the beam deflection.
A more pertinent contribution is that made by Yoshiki et al.
in a study of the wrinkli~g of the outer plating of transversely
. 56-3framed ship bottoms. For the purpose of the analysis it was
assumed that the bending deflections of the transverses could be
neglected and the structure was idealized as shown inverted in
Fig. 6. The transverses were treated as plates rigidly attached
to the plate element at the top and fixed to a rigid body at the
bottom. The initially warped bottom platin~ subjected to in-plane
and normal loads, was analysed for boundary conditions of simple
support on the longitudinal edges and zero deflection and elastic
restraint against rotation at the transver~es.
An integral equation was written for each of the panels
between transverses in the form
a b 2 .2" "2 a (w.+w .)
w.(x.,y.) .t. (x.,y.) + J~ \" (q N l Ol)= w.""1 1 1 1 1. 1
-a -b x oS- 2 •
2 "2 1
·G(x., y · , S· , 11 · )1. 1. 1. 1 ( 4 . 9)
In this equation, w.(x.. ,y.) is the deformation of" the i-th panel
11.1
due to all external· loads, W~l~ (x.,y.) is the deformation function
1. 1.
due to the restraining moments at the transverses, q is the magni-
tude of the uniform normal load; N is the uniform in-plane load
x
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in the longitudinal direction, w . is the initial deformation of
01
the panel and G(x.,y.,S.~~.) is Green's function for the simply
1 1 l 1
supported plate panel af dimension a by b. The second partial
derivatives of w. and w . are used to introduce the out-af-plane1 01
components of the axial forces in the plate, thus treating them as
normal loads. The solution of this integro-differendBle~uationfor
each of the plate panels was expressed as a sum of three infinite
trigonometric series. The coefficients of the terms of the
series contained unknown constants F . from the w. term in Eq. 4.9.
TIl 1
The same constants appeared in the solution functions for the
transverses treated as plates subjected to edge couples and
required to rotate oompatibility with the plate. The equations
of equilibrium of bending moment were solved at the plate-trans-
verse junctions to evaluate constants F .. Once the constants
TIl
were evaluated, the deflection function was known and the bending
and twisting moments could be com~uted.
A. more rigorous analysis, performed to study the behavior of
the entire grillage must include the effects of bending of the
transverses and longitudinals. Kusuda has taken a step in this
direction in a buckling analysis of grillages in the elastic and
strain-hardening ranges. 59- l He performed a buckling analysis of
a grillage strained into the strain-hardening range in the
direction of the longitudinals. The plate was assumed to be
orthotropic, with strain-hardening properties parallel to the
longitudinals and elastic properties parallel to the
· 323.1
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transverses.' The elastic buckling load was obtained from this
solution by setting the strain-hardening properties equal to the
elastic properties.
Two types of influence functions were used in the analys is; the
deflection function for a point load on an orthotropic plate and
the deflection function for a unit couple on an orthotropic
plate. The moments and forces acting between the plate and beam
sections were expressed as differential functions of the beam
deflections based on Eq. 3.12, 13 and 14 and treated as loads
acting on the plate. The assumptions that the shape of the cross
section of a beam remains constant and that the axis of a beam
section originally normal to the ~iddle surface of the plate
remains normal to the plate after deformation permitted the
differential functions of the beam deformations to be expressed
in terms of differential functions of the plate deflection. Only
two types of reaction between the plate and the beam, the force
normal to the surface of the plate and the moment which would
cause twisting of the beams, were considered to act at each beam-
plate interface. The effects of.t~e she~ring forces which act
between the plate and beam elements parallel to the axes of the
beams were approximated by employing an effective width of the
plate in the calculat~on of the bending rigidity of the beam
cross-sections. This formulation led to an integra-differential
equation the solution of which was expressed in infinite series
323.1
form. The buckling load for the grillage was obtained as the
eigenvalue of the set of homogeneous equations in the unknown
coefficients of the terms of the series.
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Formulation of the analysis of grillages under combined loads
in terms of integral and integra-differential equations does not
offer any advantage over the small deformation differential
equation approach in terms of the assumptions concerning the
physical ,behavior. This is to be expected, of course, since it
can be shown that through a properly selected process of
differentiation and/or integration the integral equation of a
particular problem may be reduced to the differential equation if
properly formulated.
The method employed to obtain a solution for the equations
is not significantly different in either approach. In both cases
some form of a series is normally, assumed for the deflection
function and the coefficients of the terms of the series are
evaluated to make the sum of the s~ries satisfy the equations.
The point of difference which seems to favor the integral equation
approach lies in the number of times this solution process must be
repeated. In the integral equation approach, the solution is
accomplished for the entire grillage at once. In the d~fferential
equation approach, the solution process must be repeated for each
of the plate panels and the conditions of equilibrium and compabi-
bility imposed at the boundaries. This becomes quite arduous for
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a grillage containing a large number of panels. Counteracting
this benefit is the fact that in the integral equation approach
a number of integrations of the products of functions,· usually
orthogonal, must be performed.
The integral equation approach to the elastic analysis of
grillages ill1de~ combined loads shows promise, but additional
development is requi~ed before it can be applied to grillages in
which the'beams are not symmetric with respect to the plate. Some
provision must be made for the effect of the changes in membrane
stresses in the plate as the grillage bends and for the bending of
the grillage caused by stretching. This might be accomplished
exactly by using an influence function for the plate subjected to
a point load tangent to the surface of the plat~ together w~th a
differential function of the beam deformation to express membrane
stresses as diffe'rential fill1ctions of deformations.
4.3 Energy Formulation
The total potential energy method could be employed directly
for the analysis of grillages, but to date it appears to, have been
used only with some form of .simplified physical model. Its use
with such models· will be discussed in the appropriate sections--in
this section ~ome general concepts concerning the approach are
presented.
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The total potential energy method is usually applied in the
following steps:
1. Determination of the stress-strain relationship in
terms of generalized coordinates for each of the
possible typ~s of differential elements in the
structures.
2. Selection of deformation functions, normally in
infinite series or polynomnal form, which satisfy
the boundary conditions of the structure.
3. Utilization of the stress-strain law and strain-
deformation relationships to express internal forces
in terms of differentials of the deformation functions.
4. Expression of the, increment of the strain energy for
the differential elements.
5. Computation of the total potential through the inte-
gration of the differential energy terms to obtain an
expression for the strain energy of the system and a
similar integration of the products of the external
forces and their displacements to obtain the reduction
of the potential of the external loads.
6. Setting the first variation of the total potential to
zero. This involves the minimization of the total
potential of the structure with respect to ,the coeffi-
cients of the terms of the deformation functions to
obtain simultaneous equations for the coefficients.
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The effects of large deformations and inelastic behavior
can be taken into account by means of the total potential energy
method. However, when these effects are included in the analysis,
numerical methods must be resorted to because the strain energy
terms contain terms of an order higher than two. Thus, when the
total potential energy is extremized, the reSUlting equations for
the coefficients of the terms in the deflection functions are non-
linear. In a large-deflection elastic analysis, the nonlinearity
takes the form of products of the in-plane and bending deformations.
Thus, an iterative form of solution can be used to advantage. For
example, the in-plane deformation functions are guessed and the out-
of-plane deformations determined from the resulting linear equation.
The assumed in-plane deformations must then be checked to ensure
that they are compatible with the out-of-plane deformations. If
not, they must be altered and the process repeated.
When the effects of inelastic behavior are taken into account,
the energy function is more strongly nonlinear. It contains
products of order greater than two of the individual deformation
terms. Thus, even when the in-plane deformation functions are
assumed, as is done in the elastic analysis, minimization of the
total potential results in nonlinear simultaneous equations which
must be solved by iteration. This means that when the effects of
large deformations and inelastic behavior are taken into account,
the energy approach leads to iterative solutions within -iterative
solutions.
323.1
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4.4 Summary
The analysis of grillages under combined normal and axial
loads by means of a direct application of plate and beam theories
has not yet been accomplished. An approximate method of solution
for the differential equations of small"deflection plate theory
has been applied to the analysis of grillages under normal loads
alone. However, neither the elastic working stress analysis nor
the ultimate strength ~alysis of grillages under combined loads
has yet been accomplished by means of a differential equation
formulation. The integral equation formulation' of the elastic
analysis has been used to study .the behavior of the plates between
stiffeners under combined loads and to perform a buckling analysis
for grillages under axial loads. The integral equation approach
requires additional development before it can be used to perform
an exact analysis of grillages in which the beams are not
symmetric with respect to the plate. Energy methods have not been
used 'directly in conjunction with ~late and beam theories for the.
an~lysis of grillages.
In conclusion it can be said that the direct application of
plate and beam theories to the analysis of grillages under combined
loads requires mathematical tools which are at" best in an imperfect
state of development. To circumvent the mathematical difficulties
arising from a direct application of plate and beam theories, the
grillage is normally replaced for purposes of analysis by P0ysical
or mathematical models which are more readily analyzed ..
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5 • ORTHOTROPIC PLATE THEORY
The relative dimensions and patterns of deformation of
grillages with closely spaced beams are similar in nature, if not
in detail, to those of plates. In both, grillages and plates, two
dimensions are much larger than a third. The strains normal to a
reference surface containing the larger two dimensions are of a
smaller order of magnitude than strains parallel to it and may be
neglected in both. Thus, all the deformations of either structure
may, for all practical purposes} be specified in terms of the
deformations of the reference surface.
Observation of the similarity in the proportions and. behavior
of the plate and grillages has led to the development of methods
of elastic analysis in which the grillage is treated as a plate.
In this approach it is necessary that the plate panels of the
grillage remain in the range of small deformations. Since the
properties and spacing of the longitudinals differ from those of
the transverses, the properties of the analogous plate must be
direction dependent. If the transverses and longitudinals are
uniform in cross-section, spacing and orientation, the analogous
plate is homogeneous and anistropic. If, in addition, the
transverses are normal to the longitudinals, the analogous plate
has two mutually orthogonal axes of symmetry of elastic properties
and is o~thotropic. Thus, the analogous plate used to represent
ship grillages must be orthotropic.
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5.1 Orthotropic Plate Theory
The form of the orthotropic plate theory most commonly
applied to the analysis of grillages is, strictly speaking, valid'
only when the beams are symmetric with respect to the plate. For
such grillages, coupling between bending and stretching in the
stress-strain relationships does not exist. Therefore, the
properties of the analogous plate may be determined by averaging,
or spreading, the properties of the beams and plates over the beam
spacing. Even for grillages in which the beams are placed on one
side of the plate, it is normally assumed that the coupling between
bending and stretching in the stress-strain relationships is weak.
Under this assumption the differential equations of elastic
ben~ing and stretching of the orthotropic plate are
2o ~(x,y)
:~xoY
and
2 2 2 2
= E (a~o;) - 0 ~ • (\ ~)
oX oy
4.o V)(x,y)
4 '
oX
(5.1)
(5.2)
D ,D and H in Eq. 5.1 are the bending and twisting rigidities of
x y
the orthotropic plate per unit length. They are functions of the
properties of the grillage of the form
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D
Y
b) (5.3)
c)
in which (EI). is the bending rigidit'y of the cross~section of a
x
beam acting with an ~ffective width of plate in the direction of
the x axis and divided by the spacing of the beams, (El) ay
comparable quantity for a beam acting with an effective width of
plate in the direction of the ,y axis; 2C is the torsional rigidity
and V
x
and vy the Poisson's ratios both of which are equal to v if
the plates and beams are all made of the same isotropic material.
In Eq. 5.2, h is the grillage plate -thickness and hI' h 2 and h 3 ,
"thicknesses" of the orthotropic plate which reflect its
resistance to in-plane deformations. They are defined by
2
=h +vh
,x
h -h
-~Y---~h
hy-V2Chy-h) x
a)
2 h -hh 2 h
x ~h= + \) h 2y h -v (h -h) Yx x
h h 2 h h- \) (h -h)(h -h)
h 3 =
x y x y x y
h Rj-h-
b)
c)
(5.4)
in which h is the sum of the area of the beam parallel to the x
x
axis and its associated area of the plate divided by the spacing
of such beams; and h the same quantity for the beams running iny
the y direction.
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In determining the bending properties of the analogous
orthotropic plate, the product of constants V
x
and vy is often
assumed to be negligible and is dropped. There is a certain
degree of arbitrariness about the determination of the torsional
,
rigidity 2C. To overcome this difficulty Gienke has suggested an
alternate expression for the quantity 2H given in Eq. 5.3c of the
form 2H =K~ for the treatment of grillage problems withx y
K, a constant determined empirically for a particular type of
. 54-7the grlilage. Hoppmann et ale have suggested that the
properties of the analogous orthotropic plate be evaluated by
performing tests on typical portions of the grillage under
. . 56-6 58-2
conslderatlon. '
In a small deformation analysis, the right side of Eq. 5.2 is
set equal to zero and Eq. 5.1 and 5.2 are solved subject to the
boundary conditions bf the grillage to determine the functions
w(x,y) and ~(x,y). For uniformly distributed axial loads, solution
techniques such as presented by Wilde or Kaczkowski consisting of
a superposition of Navierts solution and additional functions to
account for boundary deformations may be used to treat the combined
load case. 58- 3 ,56-4 In a buckling analysis, the in-plane forces
may be specified in terms of a parameter, the lateral load q set'
equal to zero, and a homogeneous solution determined for Eq. 5.l.
A set of homogeneous equations is then written expressing the
relationships which must exist between the constant coefficients
of the solution functions if the boundary conditions are to be
323.1 -60
satisfied. The'lowest characteristic value of the parameter used
to define the in-plane loads for this set of homogeneous equations
defines the buckling load. The work of Das or Shulesko, who have
employed the Levy form of solution for .various loads and boundary
conditions, is typical of such an approach to the buckling
analysis. 62 - 2 ,64-4 As an alternate formulation of the buckling
problem the Rayleigh-Ritz method, as presented by Harris and
Avelmann, is typical of applications of the energy methods to the
60-5problem.
Among other developments, the following deserve mention.
Chang and Fang have introduced the effect of initial deformations
into the orthotropic plate equations as part of a study on
initially warped sandwich panels. 60 - 6 Skaloud has introduced the
effects of residual stresses into both the large and small
deformation orthotropic plate equations by means of a stress
function, similar to the Airy stress function 0(x,y~65-S These
refinements can be included in the application of orthotropic
plate theory tb the analysis of grillages.
Once the solutions to Eq. 5.1 and 5.2 are known, the axial
forces per unit length are Qetermined by differentiating the
.stress function 0(x,y). The ben~ing and twisting moments per unit
length of the orthotropic plate are given by the expressions
The bending and twisting moments and the membrane stresses may
2
M = 2C~
xy oxoy
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2 2
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a)
b)
c)
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(5.5)
then be integrated over the width of the plate associated with
each of the beams to dgtermine the bending and twisting moments
and axial forces to which the beam acting with an effective width
of the plate is subjected. If plate bending stresses are of
interest, the individual plate panels must be analyzed separately.
The primary advantage of this method of analysis is that
solutions may be develope0 and tabulated in terms of the properties
of the orthotropic plates, load conditions and boundary conditions
which are applicable to many grillages. Once such solutions are
available to the analyst, the moments and forces acting on the
members of a grillage can be determined simply by converting the
results of the orthotropic plate analysis.
5.2 Application to Grillages With Closely Spaced Beams
The treatment of the entire grillage as an orthotropic plate,
as outlined above, is used in the buckling, post buckling and
stress analysis of grillages in which both the longitudinals and
transverse are closely spaced. Two typical applications of the
orthotropic plate theory to the buckling analysis of grillages are
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those presented'by Gerard and Richmond. Gerard has formulated
the eigenvalue problem by obtaining the homogeneous solution of
Eq. 5.1 ~or the given membrane stresses with q set equal to
62-1
zero. Richmond has formulated the.eigenvalue problem by
61-2
means of Timoshenko's energy method.
Schultz has utilized the differential equations of large
deflection orthotrop.ic plate theory, Eq. 5.1 and 5.2, to study
. 64-5the elastic post-buckling behavior of grlllages. He assumed
that, with the origin of coordinates at the center of the plate,
w(x,y) may be expressed as w(x,y) = f-Cos ~ Cos ~_ Then,
w(x,y) was placed in Eq. 5.1 and 5.2, and a linear partial
differential equation for ~ was obtained. From it the constant
f was evaluated to satisfy the boundary conditions, simple support
in Schultz's example. For the case in which N was equal to zero,y
Schultz determined as a measure of the carrying capacity of the
grillage the axial load in the x direction at which the membrane
stress reached the yi~ld stress at the boundary or a combination
of membrane and bending stresses caused yielding in the interior.
In a stress analysis of grillages subjected to normal loads
alone, Eq. 5.1 is simplified by' assuming that the curvature terms
·on the right .side may be dropped to yield the conventional small
deflection differential equation of bending for orthotropic plates
(5.6)
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Schade has applied this form of analysis to grillages to develop
design curves by means of which the maximum bending moments in a
grillage may be determined. 40 - l ,4l-3 Vitols, Clifton and Au have
applied this simple form of analysis to a highway bridge consisting
of a concrete slab acting compositely with steel beams. 63- 7 For
the purpose of their analysis the transverses,which do not act
compositely with the slabs were assumed to be" flexible enough in
corsion and bending that they could be ignored. The t©rsional
and weak axis bending rigidities of the longitudinals were
neglected also. Bare~ and Massonnet have published a book devoted
to the analysis and design of grillages under normal loads by
66-7
means of orthotropic plate theory. They have tabulated many
constants required in the application of the theory to the design
of bridges.
5.3 Application to Grillages With Widely Spaced Transverses
As noted earlier, the analysis of an -entire grillage as an
orthotropic plate is most applicab~ when the longitudinals and
transverses are closely spaced. In some highway bridges and in
ship grillages the transverses are widely spaced and a somewhat
different approach must be taken. Often the results of several
analyses are utilized in an effort to reflect more realistically
the behavior of the grillage elements. For a grillage such as
that shown in Fig. 1, one approach presented by Giencke, consists
of performing three analyses.64- 7 In the first, each of the plate
elements is treated as if it had fixed boundary conditions. This
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portion of the analysis is the only. 'part in which bending of the
plate is considered. In the remainder of the analysis, the plate
is assumed to be in a state of plane stress.
The second portion of the analysis consists of an application
of orthotropic plate theory to each portion of the grillage
between adjoi~ing transverses. The transverses are assumed. to be
rigid and rigidly held in position. The properties of the
orthotropic plate are based on the bending rigidity of the plate
in the transverse direction and the bending rigidity of the
longitudinals with an effective width of the plate in the longi-
tud-inal· direction. This portion of the analysis is usually
performed to determine··longitudinal stresses in the plate and the
moments and shears which act on the longitudinals. In the third
portion of the analysis, carried out to determine stresses in the
transverses, the entire grillage is treated as an orthotropic plate
in the fashion described earlier.
Wolchuk suggests that for bridge decks with closely spaced
longitudinals with closed sections and widely spaced transverses,
the deck be analyzed as a continuous orthotropic plate consisting
. 63-1
of the plate and longitudinals passing over the transverses .
.Gienke, who has also applied this approach to the analysis of
bridge decks, specified the combinations of beam spacing and
stiffness for which it gives better results than alternate method
in which the moments in the transverses are determined by analyzing
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64-7
the entire grillage as an. orthotropic plate. Heins and
Looney have adapted the analysis of grillages by this means for
t 1 - t- 66-10campu er app lea lone
5.4 Consideration of Coupling Between Stretching and Bending
As noted earlier, coupling exists between stretching and
bending in grillages. Reissner and Stavsky have shown that the
same type of coupling is also a characteristic of multi-layer
- t - 1 t 61-3,6l-~ Th h h th t -d -anlSO roplc p a es. ey ave s own a conSl eratlon
of this phenomenon in an analysis yields results which differ
significantly both qualitatively and quantitatively from those
obtained when it is ignored. Of special significance in their
results is the fact that due to the coupling between bending and
stretching an axially loaded anisotropic plate deforms ,out of
plane even when initially flat.
The work of Reissner and Stavsky, though performed more
recently, may be considered to be a justification for the physical
model 'developed at Langley Aeronautical Laboratory during the early
and middle fifties by Libove et al. 54-2, 55-1 They have presented
formulas for the fifteen elastic constants associated with bending,
stretching, twisting and shearing of grillages with closely spaced
integral ribs treated as an anisotropic sandwich plate made up of
layers with properties which represent properties' of the'
stiffeners. The constants, which include the effectiveness of the
ribs for resisting deformations other than bending and stretching
in their longitudinal directions, were defined in terms of four
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coefficients a,' S, at, and Sf for each type of rib. The
coefficients have been evaluated in part by analytical means,
in part by performing tests on small portions of grillages and
in part by using an analog computer.
Crawford has incorporated the results of the work of Libove
et al. in the .development of an elastic deflection theory for
anisotropic plates which exhibit coupling between bending and
stretching by introducing their constants into the differential
equations of equilibrium for both the large and _small deflection
56-5
cases. As an illustration of the method, Crawford employed
this approach to analyze a simply supported square grillage with
equal flexural stiffnesses in the principal directions under an
axial load alone. Out-of-plane deformations were found to become
large at a load which was fifteen percent smaller than the buckling
load determined by means of the m~re conventional ortho~ropic
plate theory in which the coupling between bending and stretching
was ignored.
The anisotropic plate analysis discussed above is one of the
few methods by means of which the coupling between bending and
stretching can be directly considered. It seems quite appropriate
to use it as a check on the more conventional buckling analysis.
Its use in a stress analysis is questionable, however, since no
cognizance is taken of the bending of the plate ,elements between
stiffeners. However, this plate bending is probably of relatively
little importance for the very closely spaced stiffeners considered
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by the investigators. Plate bending would be of greater signi-
ficance in grillages used in ships since the spacing between
stiffeners relative to the width or depth of the stiffeners is
larger. This fact, together with the difficulty encountered in
evaluating the elastic properties of the analogous plat~,would seem
to make the use of this approach questionable as a method for the
working load analysis of ship grillages.
5.5 SUMMARY
Orthotropic plate theory is best suited to the analysis of
grillages under circumstances in which the behavior of the plating
between beams is of little interest. It has been applied to the
elastic buckling and post-buckling analysis of grillages under
axial loads alone. The method has been adapted to account for the
coupling between axial stretching and transverse bending which is
a characteristic even of the small deformation ~ehavior of grillages
in which the beams are not symmetric with respect to the plate.
However, this effect, which actually negates the buckling analysis,
is· not normally taken into account. Orthotropic plate theory
appears to be adequate for the analysis of grillages under normal
loads and serves as the basis of widely used methods of design of
highway bridges. However, its application to the stress analysis
of grillages under combined loads is questionable. Orthotropic
plate theory, as normally applied, i$ strongly dependent on the
effective width concept. Thus, as discussed in Chapter 3, it can-
not be used to either accurately predict the state 'of stress in the
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grillage plate,. which may be the most highly stressed portion of the
grillage under combined loads or to take into account the influence
of second order effects in the plate.
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6. DISCRETE' ELEMENT METHODS
The numerical solution of partial differential equations can
be accomplished by solving sets of simultaneous algebraic equations
for numerical values of the solution functions at discrete points
in terms of the constants in the differential equations. In the
analysis of plates, this approach leads to the determination of
approximate values of the deflections or stresses at a finite
number of points. The simultaneous algebraic equations solved to
evaluate deformations at the points selected can be developed
directly by replacing the differential equations by the corre-
sponding finite difference equations. An alternate approach is to
replace the plate for purposes of analysis by an equivalent system
of discrete elements and employ the conventional force or
deformation methods of structural analysis to es.tablish sets of .
algebraic equations for the deformations or redundant forces in
the resultant equivalent structure.
The discrete systems selected to replace plates for the
purposes of analysis may be made up of a network of bars and
springs as shown in Fig. 7a) or of finite portions of the plate
as shown in Fig. 7b). In the discussion to follow, methods in
which the physical models are systems of bars and springs are
referred to as gridwork analogies and those in which the models are
made up of finite portions of the plate are referred to as finite
element methods.
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The analysis of structures containing plate elements by
means of either the gridwork analogy or a finite emment,m~thod is
accomplished in essentially the same manner. A typical discrete
element is analyzed to determine its response to either unit
forces or unit qisplacements at the node points, the juncture of-
the bars' in the gridwork analogy or the corners of the polygonal
finite elements. - The response of the discrete element to unit
nodal displacements (or reactions) is utilized to develop a stiff-
ness (or flexibility) matrix for a typical element. This matrix
is used in a displacement ,(or force) method of analysis of the
structure by means of which the nodal displacements (or reactions)
are then determined. Once the ·nodal reactions are established, an
evaluation of the state of stress can be made. This is. accomplished
by means of some type of ayeraging process or by determining the
state of stress in the plate elements corresponding to nodal
reactions in the analysis performed to evaluate properties of the
model.
6.1 Gridwork Analogy
The assemblage of bars-and springs employed in the gridwork
analogy is built up of a repeating basic unit. The geometric and
mechanical properties of this unit are determined in such a fashion
that its behavior is equivalent to that of the portion of the
continuous plate which it replaces. One criterion that has been
specified for equivalence between the basic unit of the gridwork
and the portion of the plate which it represents is that the two
323.1
exhibit the same deformations when subjected to statically
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equivalent systems of forces. Another possible criterion is that
the equilibrium equations for the physical model be of the same
form as the finite difference representation of the differential
equation of equilibrium for the continuum.
Hrennikoff presented in 1941 a number of analogous gridworks
for the solution of elasticity and plate bending problems which are
41-1
representative of many developed since. Therefore, they will
be employed to illustrate the method. The models that are of
particular interest here are those developed for the solution of
plane stress problems, shown in Fig. 8a and 8b and plate bending
problems, shown in Fig. 8c and 8d.
Hrennikoffts criterion for equivalence between the basic unit
of the analogous gridwork and the portiop of the plate which it
represents is that they must both exhibit the same overall
deformations when subjected to statically equivalent forces.
For the plane stress models shown in Fig. 8a and 8b, the basic
unit of the analogous gridwork is assumed to be constrained
against deformations in the direction of the y axis and subjected
to point loads of magnitude P acting parallel to the x axis at the
node points. The consequent shortening, expressed as a function
of the cross-sectional properites of the members of the' grid and
its geometry, is divided by the length of the unit, the node
spacing in the x direction, to obtain a contraction per unit length.
This contraction is equated to the strain e in a differential
x
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element of the 'plate constrained against deformation in the y
direction and subjected to a stress equal to load P divided by
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the product of the nodal spacing and the thickness of the plate
represented by the grid. The resulting equation relates
properties of tbetmembers of the analogous grid to the properties
of the plate. If the properties of the basic unit are to be
different in the x and y directions, a second equation for member
properties can be derived by restraining deformations in the x
direction and applying loads P in the direction of the y axis and
again equating the unit elongation of the grid to the strain of
the plate element. The third equation for the properties of the
grid members is obtained by applying loads P in such a fashion
that shearing deformations are induced, and equating the resulting
shear strains in the grid "and plate elements. By solving these
equations under the assumption that Young's modulus of the bars is
equal to that of the plate, Hrennikoff has obtained the values
for the grid pattern shown in Fig. 8b with a node spacing of a and
A = ah A = ah A
l+v' 1 J2(1+v) , 2
= (3v-1) ah
a(1+v)(1-2v) (6.1)
a plate thickness of h. If Poisson's ratio equal to 1/3 is
placed in Eq. 6.1, the resulting values are
3A = 4" ah, Al 3= ah A =04/2 ' 2 (6.2)
which are applicable to the grid pattern shown in Fig. Sa.
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Hrennikoff has noted that since there are only two unknowns,
A and AI' in the model shown in Fig. Sa, one of the three
deformation equations is not needed to evaluate the bar properties.
If the values for A and Al obtained by solving two of the
equations are placed in the third, it reduces to v = 1/3.
Hrennikoff and others have observed that a grid which is symmetric
and the basic properties of which are described by two member
properties can be used to represent only plates for which Poisson's
t - - 1/3 41-1,43-1,65-6 A t d b H -k ff -t - t thra lO lS . S no e y rennl 0 , 1 1S no e
particular properties of the members of the gridwork, but rather
the number of the properties specified, that determine the number
of properties of the plate element which can be represented by the
analogous gridwork. Thus, the model employed to represent the
plate behavior is not unique. Hrennikoff has also considered
other possible geometrical arrangements cfaxially loaded bars.
McCormick has employed the. in-plane bending stiffness of the grid-
work bars as an alternative to the redundant bars of Hrennikoffts
63-5
model.
Hrennikoff has also developed analogous gridworks for the
treatment of plate bending problems within the limitation of small
deformation plate theory. These models, similar geometrically to
the plane-stress models, are shown in Figs. 8e and 8d. The
properties of interest in the bending model are the moments of
inertia of the members about the axes contained in the plane of
the gridwork. The stress-strain law to be satisfied in this case
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is expressed in'terms of the generalized coordinates, moment, and
curvature. The moments of inertia of the grid members are
determined by equating the curvature in a plate element subjected
to cylindrical bending to that in the analogous grid unit
subjected to the same moment per unit length. The resulting
expressions, as given bY,Hrennikoff for the properties of the
members of the basic unit shown in Fig. 8d are
ah3
I = 12(1+v), 12J2(1+~)
3I = (3v-l)ah
2 (1+v)(1-2v)24 (3.l~
in which a is the node spacing and h the plate thickness. For
v = 1/3, 12 is equal to zero. Thus, the model shown in Fig. Be
is applicable only for a plate in which Poisson's ratio is equal
to 1/3. In the bendipg m~del, as in the plane-stress model, the
number of properties to be' determined in the grid must equal three
to permit the model to be used for any arbitrary value of Poisson's
ratio. Yettram and Husain, for instance, have developed a plate
bending model suitable for use with any value of v which is
geometrically similar to Hrennikoff's model shown in Fig. Be but
employs the bending and torsional rigidities of the boundary beams
. 65-7
and the flexural rigidity of the dlagonals.
Newmark has proposed a model for plate bending problems made
. 49-2
up of rigid bars and sprlngs. The behavior of this type of
model is completely defined by a single deformation at each node
point as contrasted to the three, a displacement and two rotations,
required for the models made up of elastic bars. Thus, application
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of Newmark's model can be accomplished with much less computational
effort than with the models composed of elastic bars. The
properties of the springs in the model were so determined that
the equilibrium equations for the model assume the form of the
finite difference representation of the plate bending differential
equations. A primary advantage of the model is that it can be
employed to develop f~nite difference operators applicable to
bounda~y conditions which are difficult to cope with by mathe-
matical means. The model has been applied to the analysis of
platfficontinuous over rigid supports by Newmark and Ang. 60 - 7
It has been employed to develop finite difference operators for
plates bounded by bearrssymmetric with respect to the plate by Ang
and Prescott. 61- l
The flexural and plane-stress models considered to this point
are suited only for the performance of elastic small deflection
analyses. Lopez and Ang have recently "developed a lumped
parameter model, similar in concept to Newmark's, by means of
which the effects of large deformations and inelastic behavior
can be included in an analysis of plates under combinedloads. 66 - l
This model has been used, to date, only for the analysis of sand-
wich plates, but it could also be used to represent in a simplified
fashion the behavior of a homogeneous plate. Thus, the model could
be used to represent plate behavior in an ultimate strength
analysis of grillages under combined loads.
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The sandwich plate considered by Lopez and Ang is shown in
Fig. 9a. The inner layer, the shear core, was assumed to be rigid
in shear but to offer no resistance to bending. The "thin outer
layers of the plate, assumed to be in a. s'tate of plane stress, act
together to resist bending and twisting moments. They are composed
of an elastic-perfectly-plastic material the mechanical behavior
of which is described by thevonMises yield condition and the
Prandtl-Reuss stress-strain law.
To develop the model shown in Fig. 9b (taken from Fig. 3a in
Ref. 66-1) for the analysis of the sandwich plate, the authors
first formulated the yield condition and the stress-strain law of
the sandwich plate in terms of the generalized coordinates of the
plate theory--the bending and twisting moments, axial and shearing
forces per unit length, curvature and Gausian curvature, and axial
and shearing strains. Central finite difference operators, derived
directly from the consideration of the physical model, were then
used to express the generalized strains at the node points shown
in heavy black in Fig. 8b in terms of the node deflections.
Introduction of these expressions for strains in the stress-strain
law resulted in expressions for the gen~ralized forces acting at
the node points in terms of the node deflections which were assumed
to be large. Since the stress-strain law is nonlinear' and large
deflections were considered, the relationship between the generali-
zed forces and the nodal deflections is nonlinear. It was then
assumed that the generalized forces acting for a distance of \/4
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on either side of the node points could be treated as if they
were equal to the value at the node point. These forces were
then applied to the system of bars shown in Fig. 9b and the
equations of equilibrium written for the bars. The authors have
shown that the resulting simultaneous nonl"inear equations of
equilibrium are the finite difference equations of large
deflection in~a~stic plate theory for the sandwich plate
considered. The authors have developed a numerical technique for
solving the equations. The nonlinear stress-strain law was
assumed to be linear for small increments of deformation and the
resulting ~quations were solved by iteration since they were still
nonlinear because of large deformations.
The gridwork analogy can be readily applied to any type of
plate problem. In the analysis of a grillage, the analogous grid
might be used to represent the plate alone, and the beams treated
by conventional beam theory or, alternatively, the gridwork analogy
might be used to represent the beams as well as the plate panels.
Any of the grid analogies discussed above could be employed in a
small deformation elastic analysis. The lumped parameter model of
Lopez and Ang, by means of which the effects of large deformations
and inelastic behavior can be taken into account, could serve as a
basis for an ultimate strength analysis of grillages under combined
loads. As demonstrated by Renton, the order of magnitude of error
in the deflections obtained by means of the gridwork analogy for
elastic structure is of the order of A2 . 6S - S Thus, to obtain a
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higher order of'accuracy by means of the gridwork analogy, the
node points must be closely spaced and a great number of
simultaneous equations solved. It follow~ the~ that a practical
limitation on the size of structures considered or the degree of
accuracy attainable -is imposed by the size of the computer
available and ·the efficiency with which it is used. This' is also
true of the next approach discussed, the finite element methods.
6.2 Finite Element Methods
In the finite element methods the analogous physical model
is created by dividing the plate into finite polygonal elements
·which are connected to neighboring elements onlyat the corners
(the nodes). The response of the nodes of a typical finite element
to node forces or displacements, the flexibility or stiffness
coefficients, must be determined as the first -step in the develop-
ment of the method. This can be accomplished by assuming that the
finite element deforms in a pattern defined by a low order
polynomial,the coefficients of which are functions of node
'displacements, and employing an energy method to determine the
corresponding node reactions in terms of node displacements, the
stiffness coefficients. Alternatively, a state of stress may be
assumed corresponding to node forces and strains integrated or an
energy method employed to evaluate the corresponding node
deformations, the flexibility coefficients. If so desired, the
flexibility coefficients can be computed from the stiffness
coefficient and vise versa by inversion.
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In general, the requirements of equilibrium, compatibility
or both are violated in the analysis performed to evaluate the
stiffness or flexibility coefficientsof the finite elements. The
deflection functions assumed to represent the behavior of the
finite elements can be selected to fulfill the requirements of
compatibility within and on the boundaries of adjacent elements.
However, such· functions do not necessarily fulfill the requiremen~
of equilibrium within or on the boundaries of the elements.
Similarly, stress functions selected to satisfy the requirements
of equilibrium within and at the boundaries of the elements do
not necessarily correspond to a compatible set of deformations.
DeVeubeke has shown that when an assumed pattern of stresses
which satisfies the differential equations of equilibrium in the
interior and is continuous over the boundaries of the elements,
equal on opposite sides of the same interface, is used in the
analysis performed to evaluate ·the properties of the finite
elements, the diagonal elements of the resulting matrix of
flexibility coefficients are upper bounds. 64- lO It was noted in
the paper by Sanders and deVeubeke that the off-diagonal ~lements
of the flexibility matrix are usually, although not necessarily,
also upper bounds. 67 - l Thus, when the requirements of equilibrium
are satisfied in the analysis performed to evaluate the properties
of the elements, the results of the analysis will indicate that
they are more flexible than they actually are.
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DeVeubeke has also shown that· the opposite is true when the
- t f t-b-l-t t- f- d 64-10 f hrequ1remen- s a campa 1 1 1 yare sa 1S 1e . I t e
requirements of compatibility are satisfied throughout the
elements and the deflection functions continuous at the boundary,
equal on opposite side~, the flexibility coefficients are lower
bounds to the true values. If· the requirements of both equili-
brium and compatibility are violated, it cannot be said with
assurance whether an upper or a lower bound to the flexibility
coefficients has been determined.
Since both upper and lower bounds can be determined for the
flexibility coefficients, it is possible to estimate the error
resulting from the application of the finite element methods.
Normally, however, this is not done. The reason that the
boundedness of the solution is of interest is that an estimate
can be made of the way that a finite element solution converges
with decreasing mesh size. An analysis based on the upper bound
model converges monotonically from above. An analysis based on a
lower bound model converges monotonically from 'below. Analyses
based on models which violate both equilibrium and compatibility
may not converge. If they do, they do not of a necessity converge
'monotonically.
The issue of convergence with decreasing. size of elements is
of great practical importance. On it hinges the ·number of
elements required to result in a' satisfactory estimate of behavior
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of the structure and thus the computational effort required in
an analysis. The work done in this direction to date seems to
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be limited to analysis of a structure with decreasing mesh sizes
and comparison of the results with the results of the exact
analysis where available. For complicated structures for which
no exact solution is available the results of analyses based on
different assumptions are compared. Clough and Tocher have
compared the results of eight finite element methods with the
results of an exact analysis for bending of single plate panels
. 66-11
under normal loads. Sander and deVeubeke have compared the
results. of upper and lower bound analyses based on a number of
finite element methods for wing structures. 67- l A comparison of
the results of a finite element method and a series solution for
a plate subjected to in-plane point loads has been presented by
60-8Clough. The papers by Clough and To~her, and Sander and
deveubeke contain many examples of the different approaches taken
to determine the properties of finite elements and serve as an
excellent introduction tofue literature related to this aspect of
the problem.
The state of development of the finit~ element metDods is at
the same level as is that of the gridwork analogy. Most of the
work done to date has been restricted to linearly elastic small
deformation problems of plane stress, plate bending or plate
buckling.
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The finite' element methods have been widely used in the
analysis and design of aircraft structures. Normally, they are
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used in the simplest form in the analysis of grillages and similar
structures. That is, the plate bending is ignore~ as are all
second order effects,and the plates treated as shear panels
spanning adjacent beams and as effective flanges of the beams.
Examples of this· treatment of the problem are to be found in papers
by Argyris, Gallagher and others. 64- B,64-ll,66-l2 This form of
finite element approach differs from the analysis as a beam grid
only in the inclusion of the shearing effectiveness of the plates.
For this reason an analysis of this form applied to a ship hull by
Yuille and Wilson has been discussed in the chapter devoted to the
I e b ed 60-9ana YSlS as a earn grl .
Argyris has described- briefly a 'more sophist'icated appli-
cation of the finite element methods to the small deflection
elastic analysis of aircraft fuselage structures. 66- l2 Triangular
finite elements were employed to represent the behavior of the
plate. The elements were assumed to be in a state of uniform
stress in the determination of in-plane stiffness and to be
subjected to linearly varying moments in the determination of
bending stiffne~s. The stiffness of segments of beams between node
points, treated by me.ans of ordinary beam theory, were determined
and a deformation method was employed to analyze.the structure.
No second order effects were taken into account. The results of
the analysis were found to agree reasonably well with the results
of a model test.
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Gustafson has employed the finite element approach in the
analysis of rectangular and skewed grillage structures subjected
. 66-3to· normal loads as found in highway brldges. A qu'adrilateral
finite element was employed in the plate panels between beams and
another type of finite element was developed to represent a portion
of the plate acting in conjunction with a segment of a beam. The
stiffness matrices for in-plane deformations and bending
deformations were assumed to be independent. They were determined
by assuming the deformations of the finite elements in polynominal
form and applying the principle of virtual work to evaluate the
individual stiffness matrix coefficients. The stiffness matrices
for the individual elements were used to develop the stiffness
matrix for the entire grillage. This matrix was then used in a
deformation method analysis of the grillage. The results of the
analysis were found to compare reasonably well with the results
of tests performed on grillages under normal loads. The.methqds
of analysis described by Argyris or Gustafson can be applied in
an elastic small deformation analysis of grillages under combined
loads provided axial loads are small enough so that second order
effects can be neglected and the principle of superposition
The finite element methods have been used to take into account
employed.
for example, have used an energy approach with a finite element
The effects66..... 2model in the elastic buckling analysis of plates.
second order effects in the analysis of plates. Kapur and Hartz,
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of known axial 'forces have been introduced in the bending
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equilibrium equations for finite elementss. Developments in this
- d - b Ma~tl-n.66~5 Th f- -tarea are summarlze ln a paper y L e lnl e
element methods have been applied to the elastic large deformation
l "t 1 - by A - 66-12 T d h hpane s ress ana YS1S rgyrls. 0 ate, owever, t e
methods do not appear to have been used in the large deformation
plate bending analysis in which the changes in membrane stresses
due to bending are taken into account.
The finite element methods have been used to perform inelastic
_ 66-12plane stress analyses by Argyrls and a plane strain analysis
66~8by Reyes. They have apparently not been applied to inelastic
plate bending problems to date. The finite element methods cannot
be employed to perform highly reliable ultimate strength analyses
'of grillages until inelastic plate" bending can be taken into
account.
Argyris has described briefly an application of finite
element methods to the determination of upper and lower bounds of
the limit loads of wing structures, similar to doubly plated
-II d normal loads. 66- l2grl ages, un er The plates were idealized as
effective flange widths and shear panels and the beam treated by
conventional beam theory. Linear programming methods were
employed to establish an upper bound satisfying the requirements of
equilibrium and compatibility ~nd a l~wer bound by satisfying the
requiremen~of equilibrium without violating the yield condition.
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Argyris noted that an effective yield condition to account for
plate buckling was used fo'r members subjected to compression. or
shear. He gave no details of the yield conditions used for. the
analysis. It was noted that the lower bound analysis was readily
accomplished but the upper bound analysis led to numerical diffi-
culties for more complex structures.
6.3 Summary
The gridwork analogy and finite element methods are at
essentially the same level of development. Either method can be
employed to treat small deflection plane stress, plate bending or
plate buckling problems. The finite element methods have been
employed to perform small deflection elastic analyses of grillages
under normal and combined loads. A rudimentary form of limit
analysis of doubly plated grillages under normal loads has been
performed using a finite element approach. The finite element
methods have been employed for elastic large-deformation and
inelastic plane stress and plane strain problems. Since, however,
they have not yet been employed in the inelastic or large-defor-
mation bending analysis of plates, they have not been brought to
the state of development required to perform a detailed ultimate
strength analysis of grillages unde~ combined loads. The gridwork
analogy has been used in inelastic large-deformation bending
analyses of plates and could be used to represent plate behavior
in an ultimate strength analysis of grillages under combined loads.
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In both the gridwork analogy and finite element methods the
accuracy of the results of the analysis is a function of the
node spacing and thus, the size of the computer available to the
analyst.
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7. ANALYSIS AS A BEAM GRID
One widely used method of analysis of grillages consists of
including an effective width of the plate in the calculation of
the beam properties and treating the grillage as an open beam
grid. If plate bending stresses are of interest, the plate panels
enclosed by the beams are analyzed separately. The work done to
date has been restricted to small deflection elastic analysis for
normal or axial loads alone, small deflection elastic analysis
under combined loads, and simple plastic analysis for the case of
normal loads alone.
7.1 Elastic Analysis
The methods of elastic analysis .in which grillages are treated
as grids developed to date have been formulated in terms at small
deflection beam theory. The majority of the methods can be used
only with normal or axial loads alone and contain no provision for
the combined loading case. Nor is any provision made for the fact
that when two intersecting beams with centroidal axes at different'
elevations deform, the twisting of the joint will cause displace-
ments of the beams in the plane parallel to the centroidal axes
of the beams (weak axis bending). This means that, strictly
speaking, the analysis is limited in application to grids of beams
with eentroidal axes in the same plane or with neglible bending
rigidity about an axis normal to the grid. Frequently the torsional
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resistance of the beams is neglected and in no case is any consi-
deration given to the variation in effective width over the
length of the beams.
If the effect of torsion is to be taken into account, the
analysis of grillages as beam grids under normal loads can be
accomplished by solving Eq. 3.12 and 3.14 for each of the beams,
with P set equal to zero. If the ·effect of torsion is to be
ignored, Eq. 3.12 alone can be solved for each beam. Integration
of Eq. 3.12 and 3.14 to obtain a deflection function results in
four constants of integration per equation for each of the
component beam segments. The determination of these constants
can be accomplished directly by writing equations of equilibrium
and compatibility at each junction as done by Melan and Schindler
for Eq. 3.12 a~ne.42-1 Ho~Ver, the force or defo~ation met~ds
of structural analysis which are essentially indirect methods of
evaluating the constants of integrattiDnare normally used instead.
7.1.1 Force Methods
, Clarkson has presented an example of the application of the
force method in its simplest form to the analysis of grillages
65-1
under normal loads. The effects of .torsion, and shear were
neglected and the vertical reactions between the 10ngitudinals and
transver~es were taken as redundants. Smith has' used the force
method to analyze grillages und~r normal loads taking into account
the effects of St. Venant torsion and shearing defo~ations.64-2
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He selected as redundants the vertical reactions, as did Clarkson,
and two couples acting between the longitudinals and transverses
at their junctions. Smith also analyzed the same grillages
neglecting the effects of shearing deformations and torsion and
compared the results with those obtained when these effects were
taken into account. The results of his calculations indicated
that the inclusion of shearing deformations had little effect on
the bending moments but resulted in appreciably larger deformations.
The effects of St. Venant torsion of open sections were found to
be neglible. As noted in the discussions following the paper,
warping torsion might have a greater effect on the results of the
analysis for grillages in which.T stiffeners are used ..
Using the force"s and couples acting between the longitudinals
and transverses as redundants, as done by Smith, or the forces alone,
as done by Clarkson, results in an ill-conditioned flexibility
matriX containing many terms far removed from the "diagonal and
larger than the diagonal terms. This ill~conditioning, relatively
insignificant in the analysis of structures with a few elements,
strongly influences the accuracy of the results in the analysis of
larger structures. For a grillage with many more longitudinals than
transverses, a more efficient selection of redundants would be to
use bending moments in the transverses over the longitudinals and
the torsional moments in each segment of the transverses and longi-
tudinals. The reSUlting flexibility matrix would have fewer terms
removed from the principal diagonal and the diagonal terms would be
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"the largest. Thus, more accurate results could be obtained for
large grillages with many elements.
7.1.2 Deformation Methods
Clarkson has also employed a deformation method to analyze
grillages under normal loads taking into account the effects of
65-1-
shear and St. "Venant torsion. The unknowns in this analysis
were the vertical deflections and two orthogonal rotations at the
junctions of the beams. He concluded, as did Smith, that the
shearing deformations had little effect on the final bending
moments but had an appreciable effect on the deformations. The
effect of St. Venant torsion was neglible for open sections but
was appreciable for box sections.
Lightfoot and Sawka have present~d a method of analysis which
differs from that of Clarkson only in that shearing deformations
59-4 .
were neglected. In their paper they have described "the modifi-
cations required in a computer program intended for the analysis .
of plane frames, subjected to in-plane loads, in order to apply it
to the analysis of grillages under normal loads.
Yuille and Wilson have used a deformation method to perform
an analysis of a portion of ,the hull of a ship-extending between
two bulkheads. 60 - 9 Thus, they placed the grillage analysis in
its proper context. The main pu~pose was to study the effects of
normal loads. In the analysis it was assumed that the bulkheads
at both ends of the portion of the hull were rigid, and no axial
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load was applied to the longitudinals. The shortening of the
transverses due to axial loads was taken into account but the
reduction in the bending stiffness of the transverses was not.
The influence of the plates on the bending behavior of the
grillages was considered by including an effective width of the
plate in the evaluation of the bending stiffness of the beams.
The transfer of the in-plane shear forces between adjacent
transverses was brought into the analysis by treating the plates
as shear webs in a state of uniform shear as is usually done in the
analysis of aircraft structures. The results of the analysis were
found to compare favorably with the results of a model study. If
this method of analysis is to be extended to include the effects
of overall bending of the hUll, some provision must be made for
the second order effects in the determination of the effective
width of plate acting with the longitudi~als. The reduction in
the overall stiffness of the longitudinals due to axial forces, as
distinguished from the reduction in stiffness at a cross section
due to second order effects, in the plates, must also be taken into
account. This can be accomplished directly only if it can be
assumed ab initio that the distribution of forces in the longi-
tudinal direction is known. Otherwise, the. analysis must be carried
out in an iterative fashion because member stiffnesses are
functions of the distribution of axial forces and vise versa.
323.1
-92
Suhara has'· also employed a deformation method to analyze a
portion of a ship's hull. 60 - 10 He used a slope deflection
formulation for the analysis of the longitudinal and transverse
framing of the hull. No consideration-was given to the effects
of shear, torsiQn or axial loads in the analysis.
Smith used a deformation method for the stress analysis of
grillages under combined loads and to formulate the eigenvalue
problems by means of which buckling loads and natural frequencies
of grillages could be determined. 67- 2 He assumed that the axial
loads in the longitudinals were known and that the axial loads in
transverses were small enough to be neglected. The effects of
shearing deformations and initial deformations of the beams were
taken into account but the effect of torsion was not. The effects
of initial deformations of the longitudinal was introduced by
assuming that they we;re initially deformed in a- patter~ that could
be described by circular arcs. Under this assumption, the effect
of the initial deformations was to introduce a constant term equal>
to the product of the axial load and the curvature of the circular
arc in the differential equations for beam bending CEq. 3.12).
Thus, the initial deformations have the same effect over a portion
of the beam length as would a uniform lateral load.
Equation 3.12, modifled to account for shearing deformations
and with the' torsion term set e.qual to zero, was solved to evaluate
stiffness coefficients for the beam elements which took into account
the effects of shearing defor~ation, axial loads ·and initial
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imperfections. By neglecting the torsional resistance of the beams,
t:he s'lopes of the members at the j.unction of the longitudinals and
transverses could be eliminated from the analysis. Thus, the
only unknowns in the analysis were the vertical deflections of
the joints. The stiffness matrix of the, entire structure
developed in this fashion was employed in the pending analyses of
grillages under combined loads. In a buckling analysis the
initial deformations of the beams and normal loads were set equal
to zero. The stiffness matrix was used with a lumped mass matrix
to determine the natural frequencies of the grillage.
7.1.3 Finite Series Methods
The computational effort required in the analysis of
structures can be greatly reduced if the equilibrium or compati-
bility equations of the deformation or force methods can be
uncoupled or broken into small sets of independent equations.
This has the, advantage of reducing cumulative err~rs in the
analysis of large structures as well as permitting larger
structures to be analyzed when only limited computer facilities
are available. The uncoupling of the equilibrium or compatibility
equations can always be accomplished by means of application of
appropriate linear fractional transformations. In general this
entails as much effort as actually solving the equations.
However, for certain classes of structures simpler methods of
uncoupling the equation have been developed.
of grillag~s to such a form that a number of small sets of equa-
The finite' series method is one means of reducing the analysis
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,tions rather than one large one must be solved. This method is
restricted in application to grillages .in wh~ch either the
longitudina~s 0:(' transverses are 'uniformly spaced an'd have the
same cross '·section. For the purpose of the discussion to follow,
it is ass·umed that the grillage has m uniformly spaced longitudi-
nals parallel to the x axis and n non-uniformly spaced transverses
parallel to the yaxis. If only the bending behavior under normal
loads i.s considered the finite series methO'd 'leads to the
solution of n sets of m equations in m unknowns rather than one
set of m ~ n equations in m x n unknowns.
There are several ways of formulating the finite series 'method'
. . 57-2
of analysis. The formulation first presented by Holman and
later used by Clarkso~65-1 applicable to analyses in which all
loads are applied on the longitudinal~, is as follows. The
deflection of the i-th transverse is expressed as an infinite
series of trigonometric functions with unknown coefficient~ a sine
series for the boundary conditions of simple support._ This
deflection function is differentiated twice and multiplied by the
bending rigidity EI to obtain an infinite series expression for
the bending moment in the beam. Another expression for bending
moment in the transverses is developed from the ~quations of
static equilibrium in terms of the reactions between the longi-
tudinals and transverses. The two expressions for the bending
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moment are equated. Both.sides of the resulting equation are,
multiplied by one term of the infinite series and integrated over
the length of the transverse. The resulting equation relates the
coefficient of one term of the deflection function to the sum of
the products of ,each of the reactions and the value of the
deflection term at the point where the reaction is applied. This
multiplication and integration is repeated,using successive terms
of the series,to arrive at a set of equations for the coefficients
of the deflection function. By multiplying the expression for the
i-th coefficient by the value of the first term of the series
assumed for the deflection function at the location of the i-th
longitudinal, adding the resulting equations ,and taking advantage
of certain sums of products of trigonometric functions, an equation
is developed for one reaction.' This equation expresses the reaction
in the form of a finite series with m terms evaluated at the point
of reaction. Repetition of this operation for each of the longi-
tudinals results in a set of m equations for the m reactionson the
transverse in terms of the unknown coefficients of the series.
The deflections and bending moments of the transverse at the
junction with the longitudinals may also be expressed in terms of
the same finite series. The m x n coefficients 'of the finite
series which express the deflections at the beam junctions are
determined by imposing the requirement of compatibility of
deformations. The deflections of the longitudinals acting under
the influence of the applied loads and the reactions from the
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transverses are equated to the detlections of the transverses at
their points of intersection. By mUltiplying the resultant
equations by the terms of the finite series and adding, as was
done in d~veloping the equation for the reactions, the set of ci
x n equations is replaced by n sets of m equations in m unknowns.
Wah has employed the calculus of finite differences to develop
a finite series form of solution by means of which the effects of
torsion can be included for 'grids with uniformly spaced transverses
and longitudinals under normal loads applied at the joints. 64- l2
He has also used this approach to treat the buckling analysis of
65-2grids subjected to axial loads. In the development of the method
Wah, began with a deformation method of analysis. The equations
for the deformations of the intersections of the grid members took
the form of a sixth order difference operator. The point load was
expressed as a finite double series of trigonometric functions
with known coefficients. The deflection function at a point was
expressed as a finite series of the same type with unknown
coefficient~. The f'inite series expression for the loads and
deflections at the intersection were introduced in the finite
difference operator and the 'coefficients of like terms equated in
order to evaluate the unknown coe-fficients in the deflection series.
7.1.4 Infinite Series Methods
Energy methods have been used to deyelop infinite 'series
solutions for grillages. 45- l ,In one for~ of solution applicable
to grillages with boundary conditions of simple support a
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deflection function of the form
potential energy of the grid was determined and minimized with
was assumed for the grillage with dimensions a by b. The total
respect to constants C in order to evaluate them.
mn
(7 .1)
co co
W (x,y) =E E C
mn
Sin m~x Sin m~y
m=l n=l
An alternate approach, due to Levy, is to assume that
deflections are described by a product function of the form
(7.2)
for a grillage ~ith simply s~pported boundaries on lines normal to
the y axis and any boundary condition on lines normal to the x
axis. The variational calculus is employed to reduce the problem
to the solution of a differential equation for the function fn(x).
This function is determined, replaced in Eq. 7.2 and the constants
evaluated to satisfy the boundary conditions on the edges normal
to the x axis.
7.1.5 Approximate Methods
The methods of elastic analysis of grids discussed to this
point have been exact within the limitations of ,the assumptions
concerning the physical behavior of the grids. A number of approxi-
mate methods have also been developed. The energy methods have
been employed to perform analyses in terms of product functions,
with a finite, number of terms. Clarkson presented an 'example
of such an approach. 65 - 1
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Another approximate method, applicable to grillages with
relatively few longitudinals and a number of closely spaced
transverses, is the distributed reaction method. In this approach,
the longitudinals are analyzed by conventional beam theory and
the transverses are treated as a distributed elastic medium,
joining adjacent beams,with a bending rigidity equal to that of'
the transvers~dividedby their spacing. Hendry and Jaeger haVe
used this approach for the analysis of grillages under normal
loads. 58- 5 Their method consists of expanding loads and defor-
mation of the beams in a Fourier series. For each ·term in the
Fourier series, they determined distribution coefficients by
means of which the loads are apportioned to the longitudinals.
The final values of the lo~ds, bending moments and deformations
are found by summing the contributions, from each term of the
Fourier series.
For the case when loads are applied over the center longi-
tudina~ Clarkson has employed the distributed reaction method to
reduce the analysis of a symmetric grillage with three longitudi-
nals and closely spaced transverses to the solution of a single
eighfuorder differential equation. 65- l Stiffness coefficients of
the transverses were used to express their reaction on the external
and internal longitudinal in terms of the differences in thei~
deflections. When these reactions were introduced in the fourth
order differential equatioh of bending for ~ach of the longitudi-
nals and symmetry was taken into account, two fourth order coupled
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partial differential equation were obtained for the deflections
of the exterior and interior longitudinals. The differential
equation of bending for the center longitudinal 'was differentiated
fouu times and the deflections of the external beam eliminated
between the two equations to obtain 'an eighth order differential
equation for the center beam deflection.
Nielsen used a variation of, the distributed reaction method
for the elastic analysis of grillages under combined loads. 65 - 3
He has dealt with the case in which the longit'udinal were subjected
to axial and normal loads and the transverses were subjected to
normal loads alone. It was assumed that the twisting and weak
. axis bending of the longitudinal~ could be neglected and that the
axial loads acting on the longitudinals were known. Within the
limitations of these assumptions the behavior of the ~h longi-
tudinal is completely defined by the simpler form of Eq. 3.12
IVEI.w. + Pw." = q(x)
~ ~ ~
(7.3)
In this equation the roman numerals shown the order of differenti-
ation of the deflection wi with respect to the coordinate along
the length of the beam x, P is the axial load, and q(x) the
normal load function which acts on the longitudinal.
It was further assumed that all normal loads act on the
transverses. Thus, the only normal forces, acting on the girders
were the stiffener and end reactions. The stiffener reaction R.
, ~
at a location x = am was introduced into Eq. 7.3 by means of the
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Dirac delta function 8 (x-a) to obtain the equation
IV nEI.w. + Pw. = R. Sex-a)1 1 1 1 (7.4)
The influence functions of the transverses were used to express
the reactions of the transverses on the longitudinals in terms
of the final deflections wi at the points of intersection and the
deflection of the transverse at the same point if the transverses
were disconnected from the longitudinal. This resulted in the
equation
w. = d.~ ~ ex . .R.1J J (7.5)
in which w. is the deflection at the junction of th'e transverse
1
and the i-th longitudinal, d. is the deflection of the transverse
1.
at the same point under the applied load if it was not fastened to
the longitudinals, ~ .. is the deflection of the transverse at the1.J
point over ,the i-th longitudinal due to the application of a unit
(7.6)(d . -w. )
1. 1.
load over the j-th longitudinal, and the product ~. tR. is summed1.J J
over j. Equation 7.5 may be written in a matrix form and rearranged
to yield
-1R. = Ci ••J !l.J
and then introduced in Eq. 7.4 to obtain the syste·m of coupled
differential equations
IV Tt
EI.w. + Pw.
1. 1. 1.
-1
= ct· ·1J (d.-Wt) a (x-am)1. 1. (7.7)
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Up to this point,the only simplifying assumptions made were
that the weak axis bending and twisting of the beams need ,not be
considered. To facilitate the solution, it was then assumed
that the term ~. ,-1 -w.6(x-a) ,the point forces required to
~J J m
bring t~e transverses and longitudinals toget~er may be replaced
by(- i ~ij-l wj ) in which a is the transverse sp~cing. This, in
effect, spreads part of the concentrated transverse reaction on
the longitudinal over the transvers~ spacing. Under this
assumption, Eq. 7.7 becomes
IV
EI.w.
1. 1.
+ Pw.~
n
+ ~a -1Ci· •~J
-,1
w. = Qt ••J 1.J d. 8(x-a)J m (7.8)
This system of equations, similar in form to that of a beam on
elastic foundation, is more readily treated than is Eq. 7.7.
The major portion of the work is devoted to the solution by
means of the Laplace transform of the system of Eqs. 7.8 with P,
the axial forces in the longitudinals, set equal to zero and the
formulation of a matrix method of analysis based on the results.
The analysis under normal loads alone by this approach is also
presented in another paper by Nielsen and Michelsen. 65 - 4 Nielsen's
approach can include the effects of St. Venant torsion of the
n
transverses directly by the addition of the term' (- C~11Y ) in
Eq. 7.8. nen , here, is the sum of. the t,ors ional stiffnesses ,of
the transverses -on either ,side of the longitudinal in question.
A similar treatment of the twisting of the longitudinals is not,
feasible since Nielsen's treatment hinges on the reduction of the
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problem to one involving differentiation with respect to x only.
Some consideration was given to the influence of shear deformations
in the longitudinals. As would be expected, the influence is
neglible for slender beams and may be important only for deep beams.
7.2 Plastic Analysis
The ~ethods of simple plastic analysis have been applied' to
53-1
open beam gridworks subjected to normal loads by Heyman and by
Hodge. 59 - 3 When the effects of torsion can be discounted, the.
analysis is performed in a straightforward manner. The virtual
work method is employed to evaluate the collapse load corresP9nding
to possible mechanisms. A moment check may then be performed to
ensure that the mechanism selected corresponds to a statically
admissable distribution of internal forces in which the limit
moment is not exceeded ..
.. '
When the effects of torsion are to be considered, the problem
becomes more complex. The direction of movement at a plastic hinge
is an unknown as is the limit moment. Both are functions of the'
torsion applied at the section. The relationship between the
maximum moment and torque at a section must be taken into account
to ensure that the limit moment is not ·exceeded in, a lower bound
approach. The function expressing this relationship, if used as a
yield surface, may be used to determine the direction of deformation
at the plastic hinge, since this deformatio~ must occur on a ~ine
normal to the yield surface. Hodge illustrates the applicati~n of
this refinement to the -analysis of grillag~s.
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Bruinette66- 6 has developed an elastic-plastic method of
analysis for space frames that can be us~d instead of the
-103
methods of Heyman and Hodge. He determined a four dimensional
yield surface by means of which limit values of axial forces,
twisting moment, and two bending moments at a cross section can
be determined. An elastic analysis was performed for small
increments of load. When the state of ~res5 at a point corres-
ponded to the yield condition, the point was replaced by a plastic
hinge and the analysis continued. The changes in the state of
stress corresponding to the hinge deformations were established by
restricting the force increment vector to move on a plane 'tangent
to the yield surface. Bruinette took into account the effects of the
axial load on the yield surface but did not give any consideration
to second order effects. Therefore his analysis must be restricted
in application to structures in which instabiltty failure is of no
concern.
7.3 Experimental Work
Grillages subjected to normal point and distributed loads have
been tested at the Naval Construction Research Establishment at
Dunfe~ml1·ne.57-3,63-4 Th lt f th t t d• e resu s 0 ese es s were compare
with ultimate loads predicted by the methods of1plastic analysis
57-3by Clarkson and Wilson. They. found that a plastic analysis
agreed reasonably well with the test results for a grillage which
was subjected to point l~ads, and collapsed into a d~velopable
surface if an effective width of 22.5% was used. For another
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grillage, subjected to a single point load, which did not deform
into a developable surface, the ultimate load was much higher than
the collapse load predicted by the plastic analysis. Clarkson
attributed this difference to the effects of membrane action and
strain hardening. The results of tests performed on grillage under
uniform normal pressure were found to agree with the resultsof a
plastic analysis in which' the full width of the plate was assumed
to 'be effective.
Sawka has performed plastic analyses of grillages by means of
· .. 1 th d 64-1 HId · t 11a sem1-emp1r1ca me 0 • e emp aye an experlmen a y
determined end moment end rotation relations0ip of the form
M = M + ~ 8 to describe the behavior of the beams after yielding.
o
A grillage made up of such beams was analyzep with a computer.
Although this analysis,taking into account the distribution of
yielding and ,strain hardening, resulted in an estimate of the
ultimate strength close to that predicted by simple plastic theory,
the deflections were found to be much larger than those determined
by neglecting strain hardening and the extent of y~elding. This
would seem to indicate that the application of the plastic hinge
concept, in which strain' hardening and spread of yielding are
ignored, is questionable in a stability analysis! in which
deformations are significant.
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7.4 Summary
The grillage has been widely treated as an open beam grid for
the purposes of elastic analysis. A number of methods, exact and
approximate, have been developed for the small deflection analysis
of grids under normal loads. Among these are numbered the
conventional force and deformation methods, energy methods, exact
and approximate solutions in terms of finite series, and the
distributed reaction method.
Little work has yet been done towards developing a method of
elastic analysis for grillages t~eated as grids under combined
normal and axial loads. A variant of the distributed reaction
method and a deformation method have been developed for the
analysis of grillages by means of which the 'effects of axial loads
on the longitudinals can be taken into account. In general,
however, the interaction between the effects of normal and axial
loads is not taken into account.
The methods of simple plastic analysis have been applied to
the ultimate strength analysis of grids under normal loads.
However, extension of this concept to the analysis of plated
grillages'using an effective width of plat~ has ,been accomplished
in only a few instances. This i~ because t~ese are not yet
sufficient theoretical or experimental data to permit a definition
of the effective width concept in the case of inelastic behavior.
+he methods of plastic analysis have been applied to the analysis
323.1
of three dimensional frame works in which second order effects
may be neglected. However, the methods used in this form of
analysis have not yet been applied to grillages.
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8 • SUMMARY AND CONCLUSIONS
The literature related to the analysis of grillages, which
are the major structural components of longitudinally framed ships,
has been reviewed in order to ascertain whether there are currently
avail~ble analytical methods by means of which the response of
grillages to combined normal and axial loads can be determined.
The major portion of the available methods are applicable only to
the small deformation -elastic analysis of grillages subjected to
eithe'r static normal or axial loads alone, not to a combined
loading. The analysis has been accomplished in a few instances
by a direct application of plate or plate and beam theoriee. Most
of the methods, however, entail replacing the grillage by an
equivalent structure for. the purposes of analysis. The grillage
has been frequently treated as an orthotropic plate with proper-
ties corresponding to those of the beams acting with an effective
width of plate averaged over their spacing. In a few instances,
the finite element methods have been applied to the analysis of
grillages. The gridwork ~nalogy and lumped parameter methods,
which in general, lead to essentially the same form of analysis
as does the finite element approach, do not appear to have been
applied to the analysis of grillages to date. The grillage has
been widely treated for the purposes of analysis as an open beam
grid consisting of the grillage beams acti~g with an effective
width of plate.
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8.1 Currently Available Methods
8.1.1 Plate and Beam Theory
'The direct application of plate and beam theories to the
analysis of grillages can be accomplished, in concept at least,
by means of a differential equation, an integral equation or an
energy formulation. Folded plate theory has been employed to
perform stress analyses of cellular highway bridges, similar in
construction to ship double bottoms, under normal loads. This
method of analysis consists of the solution of the small
deflection differential equation of plate bending, neglecting the
effects of in-plane forces, and the plane stress differential
equations from the theory of elasticity for each web and flange
plate subject to the requirements of equilibrium and compati-
bility at their boundaries. This form of analysis can be carried
out in such a fashion that the solution involves less effort
than some of the approximate methods employed to avoid a direct
application of plate and beam theories. Folded plate theory has
not yet' been ~pplied ,to the analysis of grillages under combined
normal and axial loads. The analysis of grillages in which the
effects of large deformation, inelastic behavior, or dynamic loads
must be taken into account has not yet been accdmplished by means
of a differential equation formulation employing plate and beam
theories.
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The integral equation formulation of small deflection plate
problems has been applied to the buckling analysis of grillages
under axial loads alone. This analysis is, strictly speaking,
valid only for grillages in which the beams are symmetric with
respect to the plate. Additional development is required before
the integral equation approach can be applied to grillages under
combined loads.
Energy methods have not yet been used directly in conjunction
with plate and beam theories to analyze grillages. In conclusion
it can be said that the direct application of plate and beam
theories to anything but the small deformation elastic analysis
of grillages under normal or axial loads alone requires mathematical
tools which are at best in an imperfect state of development.
8.1.2 Orthotropic Plate Theory
Application of the orthotropic plate theory to the elastic
analysis of grillages appears to be adequate for an investigation
of; 1) beam stresses under normal loading, 2) the buckling loads,
3) the lower natural freq~encies, or 4) elastic post-buckling
behavior of the entire grillage. A form of orthotropic plate
theory has been developed by means of which the coupling between
bending and stretching of grillages with stiffeners not symmetric
with respect to the plate can be taken into account. This form of
the method might be useful as a means of ch~cking the more conven-
tional buckling analysis. Orthotropic plate theory cannot be used
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to accurately predict the state of stress in the grillage plate.
Thu~ it is of little merit in a stress analysis of grillages
under combined loads because the maximum stresses may occur in the
plate. Orthotropic plate theory cannot be applied to the ultimate
strength ,analysis of grillages.
8.1.3 Discrete Element Methods
The finite element methods have been employed in the small
deformation elastic analysis of grillages subjected to normal and
combined normal and axial loads under the assumption. that the
interaction between bending and in-plane deformations of the finite
elements could be neglected. However, it is customary to ignore
plate bending and assume that the influence of the plate on the
behavior of the grillage is adequately defin~d by the shear web
and effective width concepts. Finite element methods have been
employed in the solution of plane strain plasticity problems and
in a simple form of limit analysis of wing structures under the
assumption that the plate elements were in a state of uniform
plane stress. They have apparently not yet been used for the
inelastic analysis of plates under combined loads. Thus, addi-
tional development is necessary before they can be used in the
ultimate strength analysis of grillages under combined loads.
The gridwork analogy and lumped parameter ~ethods are at
essentially the same level of development a~ are the finite
element methods insofar as the nature of the problems' to which
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they can be applied. They can be used to perform the same type of
elastic small deflection analyses that have been carried out by
means of the finite element methods. The lumped parameter model
has been employed in the large deformat~on inelastic analysis of
plates. To date, this method has not been used in the analysis of
grillages, but it shows promise as'a method for both the elastic
and ultimate strength analyses.
8.1.4 Beam Grid Analysis
The treatment of the grillage as an open beam grid has been
widely used to perform elastic analyses of grillages under normal,
axial and combined loads. This method of analysis cannot be used
directly to form an accurate estimate of either bending or membrane
stresses in the grillage plate. Therefore, ~t is of questionable
merit for the analysis' of grillages under combined loads in which
the maximum stresses may occur in the plate. It is apparently
adequate for determining the buckling load or the bending moments
in the beams under normal or combined loads. Application of the
methods of plastic an~ysis to the substitute grid have been shown
to yield estimates of the ultimate strength of grillages subjected
to normal loads which compare favorably with test results for
failure modes in which membrane action is not significant. To
date, this form of analysis has not been employed for the ultimate
strength analysis of grillages under combined loads.
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8.1.5 Conclusions
There is currently available no completely sati~factory
method for the working stress analysis of grillages under combined
normal and axial loads. The majority of the existing methods, in
,particular those in which the grillage is treated as a beam grid
or orthotropic plate, cannot be used to accurately determine the
state of stress in the grillage plate or to take into account the
interaction of the grillage plate and beams in other than an
approximate fashion. Thus, these methods must be restricted in
application to grillages in which the behavior of the plate is
relatively unimportant. They probably are most useful for the
stress analysis of grillages with relatively heavy plates under
normal loads alone or for the buckling analysis of grillages under
axial loads alone.
The methods of analysis based on folded plate. theory and the
finite element methods have been used to make a more accurate
determination of the state of stress in the grillage plate and
to take into account the interaction of the grillage plate and
beams. However, these methods have not yet been used to take
into account the second order effects in the analysis of grillage
under combined loads. Therefore, they mus·t be restricted in
applicaQDnto the analysis of gr~llages subjected to relatively
light axial loads until they have been modified to take second
order effects into account.
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Virtually no work has been done in the ultimate strength
analysis of grillages. The little that has been done has been
directed towards the limit analysis of grillages under normal
loads alone. A great deal of additional research is needed before
a satisfactory ultimate strength analysis of grillages under
combined loads can be performed.
8.2 Recommendations for Future Research
It is recommended that one of the discrete element methods,
either the lumped parameter or finite element, be adapted for
both the working stress and ultimate strength analysis of grillages
under combined loads. The working stress analysis should ultimately
be so formulated that both axial and bending stresses of the plates
and beams can be determined with due consideration given to the
effects of initial imperfections and the effects of axial stresses
on t~e bending behavior of both the p~ate and beam elements.
However, the immediate goal in the wo~king stress analysis should
be the inclusion of the effects of axial forces on the bending
behavior of the elements of the grillage. The ultimate strength
analysis must eventually be so formulated that in addition to the
above effects, residual stresses, inelastic behavior and the
changes in membrane stresses due to large bending deformation of
the plate can be taken into account. The immediate goals,
however, should be to take into account inelastic behavior and
large deformation effects, the bending due to axial fprces and the
changes in the membrane stresses due to plate bending.
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8.2.1 Choice of Method
The choice between the lumped parameter and finite element
methods' appears to be largely a matter of personal preference of
the user. The lumped parameter method can be applied with less
computational effort than the finite element methods for a given
number of node points because its behavior is defined by fewer
displacement at a given node. However, a finite element method
in which a rather complete de.finition of the behavior of the finite
elements is included should require fewer node points than the
lumped parameter method to achieve the same accuracy. Thus the
finite element methods should ultimately entail no more computa-
tional effort than the lumped parameter methods.
8.2.2 Application of the Lumped Parameter Method
Adaptation of the lumped parameter method to the ultimate
strength analysis of grillages under combined loads requires work
at three levels: 1) modification of the model to take into
account the progression of yielding through the plate, 2) appli-
cation of equilibrium equations for the model to develop the
simultaneous nonlinear algebraic equations for the deformations of
the grillage and 3) development and programming for a computer
application of a numerical method of solving the' equations. Taking
into account the progression of yielding through the thickness of
the plate is readily accomp,lishe,d by including additional layers
on th~ model employed to define the plate behavior.
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The problem can then be formulated by applying a deformation
method of analysis to the grillage represented by the model.
Once the problem is formulated, a numerical method by means of
which the resulting nonlinear simultaneous equation can be solved
must be developed and programmed for computer application. This
aspect of the analysis will be the most time consuming and
difficult part of the work. However, very similar equations have
been solved by Lopez and Ang in the analysis of plates. 66 - l Their
general approach, consisting of lineaization of the stress-strain
relationship for small increments of load and solution by iteration
of the resulting equations which are still nonlinear because of
large deformations, can be applied to the analysis of grillages.
The method developed for the ultimate strength analysis of
grillages can also be used to ~rform a working stress analysis.
However, greater economy in termsof computer time can probably be
realized by taking advantage of the simplifying assumptionsof the
small deflection theory and developing a separate program.
8.2.3 Application of the Finite Element Methods
Adapation of the finite element methods to the ultimate
strength or working stress analysis of grillages, under combined
loads requi~es; 1) the development of stiffness or flexibility
matrices for the element,s- taking into aCcolU1t the second order
effects and in addition the effects of inelastic behavior for the
\
ultimate strength analysis 2) development of a deformation or force
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method of analysis and 3) development and programming for computer
application of a numerical method of solving the resultant non-
linear equations.
The development of the stiffness or flexibility matrices for
the 'finite elements taking into account inelastic behavior and
second order effects will entail an appreciable amount of labor.
It is suggested that, at the cost of doubling the effort in this
portion of the work, both an upper and a lower bound approach be
taken. If these two bounds can be brought into reasonable agree-
ment, one or the other can be used with assurance to perform the
analysis._ The development of one type of finite element for the
representation of the grillage plate and another to represent a
segment of the grillage beam acting with a small width of plate,
d b Gustafson66,-3';n the 11 d ft· 1 t · 1·as one y ~ sma e orma ~on e as lC ana YSlS,
may simplify the formulation of the analysis of the entire
structure.
Once the properties of the finite elements are evaluated, the
analysis of the entire grillage by means of the force or defov-
mation methods is formulated in the normal fashion. A numerical
method of solving the resulting simultaneous 'nonlinear equations
must then be developed and programmed for computer application.
An incremental loading app~oach similar to that employed with the
lumped parameter model can probably be used to advantage.
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As with the lumped parameter method, the program developed
for the ultimate strength analysis can also be used for the
working stress analysis but a more efficient approach would
to develop an additional simpler program.
8.2.4 Results of the Analysis
Once workable forms of working stress and ultimate
strength analysis are, available" a program of tests can be designed
to check the assumption~ inherent in the method. By preceding
the program of tests by the theoretical study, the cost of the
tests, which will be high, can be minimized by selecting the
loading and structural parametersto bracket critical ,combinations,
If this is not done, any program of testing carried out must be
either very extensive or run the risk of yielding results which
may be limited only to a few particular ~ases.
The working stress analysis is relatively straightforward
and might be incorporated into a design procedure. The ultimate
strength' analysis, however, is both complex and tedious. Its
primary value will be to either determine the ranges of appli-
cability of the simpler methods or develop design data in the
form of nomographs or tables.
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9 • NOMENCLATURE
A
A ,B ,C ,D
m m m m
a
b
c
d
d.
:1
E
F
c
F.B.
cross-sectional area
constants in a deflection function
node spacing in Hrennikoff's model
plate breadth
one half the torsional rigidity
a constant
bending rigidity of an orthotropic plate about
the y and x axes respectively
depth of beam
deflection of transverse released from longitudinal
Young's modulus
·Young's modulus for material in a beam
bending rigidity of a beam, parallel to the x and y
axes respectively, acting with an eff~ctive width of
plate, divided by the beam spacing
ultimate or allowable stress on an element acting as
a column
a nominal factor of safety
average ultimate stress on a plate
yield stress in tension
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f b
f
c
G(x,y,s,i))
Gm(x,y,s,i1)
H
h
hx
h l ,h2 ,h3
Ib
I p
I w
I y
I z
..
K
1
l( S)
Mx,My
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co~pressive stress due to bending
stress due to axial load
influence function for plate under normal point loads
influence function for pl~te subjected to a unit couple
twisting rigidity of an orthotropic plate
plate thickness
area of beam parallel to x axis and associate plate
area divide9 by beam spacing
area of beam parallel to y axis and associate plate
area divided by beam spacing
artificial thicknesses of an orthotropic plate
moment of inertia of a beam cross-section
polar moment of inertia of a beam cross-section
warping torsional constant
moment of inertia of the cross-section about the y axis
moment of inertia of the cross-section about the z axis
St. Venant torsional constant
plate length
a line load parallel to the x axis
bending moments per unit length about the y and x axes
respectively
twisting moment per unit length
323.1
p
q
q(s,ll)
R.
J
r(~,a)
T
u
v
w
w.(X,y)
~
~'c
W. (x.,y.)
1. 1. ::L
...
--
wei
x
y
ys
z
Zs
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axial forces per unit length in the x and y direction
respectively
shear force per unit length on a face normal to the
x axis in the direction of the y axis
axial force
constant normal load
variable distributed normal load
reaction of j-th transverse
reaction between plate and beam
twisting moment per unit length about the shear center
displacement in x direction
displacement in y direction
displacement in z direction
deflection normal to the i-th panel
component of deflection of i-th panel due te boundary
moments
initial deflection of i-th panel
coordinate axis
coordinate axis
y coordinate of shear center
co.ordinate axis
z coordinate of shear center
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K
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deflection of the transverse at a point over the
i-th longitudinal due to a unit load over the j-th
Dirac delta function
Dirac delta function
strain in x direction
y coor~inate of point of application of a load
empirically.determined torsional constant
Poisson's ratio for homogeneous isotropic material
Poisson's ratios for orthotropic plate
x coordinate of point of application of a load
rotation of the cross-section of a beam
Airy's stress function
the biharmonic differential operator
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(b) Normal Loads
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Wright-Patterson' Air Force Base, Ohio, 26-28 Oct.,
~965 (Published November 1966)pp. 5~5-46
-12 Argyris, J. H.
CONTINUA AND DISCONTINUA, in Matrix Methods in
Structural Mechanics: Proceedings of the Conference
Held ,at Wright-Patterson Air Force Base, Ohio, 26-28,
October, 1965 (Published November 1966) pp. 11-190
67-1 Sander, G. and deVeubeke B. Fraeijs
UPPER AND LOWER BOUNDS TO STRUCTURAL DEFORMATIONS BY
DUAL ANALYSIS IN FINITE ELEMENTS, Technical Report
AFFDL-TR-66-199, Air Force Flight Dynamics Laboratory,
Wright-Patterson Air Force Base, OhiO, 'Jan. 1967
- 2 Smith, c. s.,
ELASTIC BUC~ING AND BEAM-COLUMN BEHAVIOR OF SHIP
GRILLAGES, Re'·port No. R528, Naval Construction
Research Establishment, St. Leonard's Hill,
Dunfermline, Fife, April 1967
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Abstracts of the papers cited in the text, in a form such
that they may b'e cut out and placed on 3 x 5 file cards, are
arranged in chronological order on the following pages. Although
an effort was made to employ key words found in the "Thesaurus
~t:
of Engineering Terms n , additional key words were found to be
necessary to more completely describe the papers. The under-
lined key words are those appearing in the "Thesaurus of Engineer-
~':
ing Terms" .
The key words employed are:
aluminum
anisotropic
bending
buckling
concrete
design
effective width
elastic analysis
experimental
finite element
gridwork analogy plastic analysis
grillage plates
initial imperfections post-buckling
in-plane load residual stress
integral·equations sandwich panels
Laplace transform shear
large deflections shells
longitudinally stiffened ships
matrix methods statistics
nonlinear steel
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design, grillage
bending, elastic analysis, gridwork analogy, in-plane loads, plates
KEY WORDS:
Schade, H. A.
DESIGN CURVES FOR CROSS-STIFFENED PLATING UNDER UNIFORM BENDING LOADS
Transactions of the Society of Naval Architects, New York, 1941 pp. 154-182
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Hrennikoff, A. I
SOLUTIONS OF PROBLEMS OF ELASTICITY BY THE FRAMEWORK METHOD, Trans. ASME, Arnott, David I
Journal of Applied Mechanics, Vol. 8, No.4, Dec. 1941, pp. A-169-75 CHAPTER VI, STRENGTH OF SHIPS, Principles of Naval Architecture, Vol. 1 I
Edited by Henry E. Rossell and Lawrence B. Chapman, published by the. Society I
Models consisting of planar gridworks of tension and compression members are of Naval Architects and Marine Engineerin~New Yo~k, 1941 I
~present~~ for use in plain stress elasticity problems. Geometrically similar I
models-consisting of beam elements with bending rigidities are presented for I
use in plate bending problems. The models are developed fo:r_anisotropic I
materials, simplified for isotropic materials and are simplified still further ~y WORDS:- design, ships I
for the materials for which Poisson's ratio is equal to one third. The author I
performed the analysis of the resultant gridwork by means of a relaxation I
procedure similar to that of Hardey Cross. I
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I DIE GENAUE BERECHNUNG VON TRAGERROSTEN (The Exact Analysis of Beam Grillages), I
I Springer-Verlag, Wien, 1942 I
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Vedeler, G.
GRILLAGE BEAMS IN SHIPS AND SIMILAR STRUerURES, Grondahl & Son, Oslo,
19450rUniversity Microfilms, Inc., Ann Arbor, Michigan
KEY WORDS:
43-1
elastic analysis, grid analogy, in-plane load, plates
McHenry, D.
A LATTICE ANALYSIS FOR THE SOLUTION OF STRESS PROBLEMS, Journal Institute of
Civil Engineering, London, Vol. 2l, Dec. 1943, p. 59
KEY WORDS:
~A p1ate d in a condition of plane stress is replaced for purposes of analysis
by an equivalent lattice of elastic bars. Application of a displacement
method of analysis to these bars leads to finite difference··equations for the
deformations of the plate which the author solves by iteration.
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I THE DESIGN AND METHODS OF CONSTRUCTION OF WELDED STEEL MERCHANT VESSELS - I Brown David P. I
I Final Report of A Board of Investiga:tion Convened by order of the Secretary I STRUcTURAL DESIGN AND DETAILS OF LONGITUDINALLY FRAMED TANKERS, Society of I
I of the Navy, JUly 1946 : Naval Architects and Marine Engineers, Trans. Vol. 57, 1949, p. 444-463 I
I I
I An extensive study of fracture in t~e hulls of shi~s is reported: The .. : I
I investigation covered design, materlals, constructlon and operatlng condltlons. I I
I 1 KEY IDRDS: des ign, ships II KEY WORDS: design, ships I I
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Shepheard, R. B.
SHIPS t STRUcrURES - A CENTURY OF PROGRESS, International Conference of Naval
Architects and Marine Engineers, 1951, p. 20, Trans. Inst. of Naval Arch.;
1951, Vol. 93
KEY WORDS:
The author traces changes in modes of ship construction, over the last
century. Little is said about actual design or analysis practices.
49-2
51-1
bending, design, effective width, elastic analysis, longitudinally
stiffened, plates
KEY WORDS:
Schade, H. A. .
THE EFFECTIVE BREADTH OF STIFFENED PLATING UNDER BENDING LOADS, The Society
of Naval Architects and Marine Engineering, Trans. Vol. 59, 1951, p. 403-40
The effective breadth concept is employed to account for shear lag. The plate
is assumed to be in a state of plane stress and an Airy stre$s function
determined to fulfill the re1uirements of equilibrium and compatibility at
the junction of plate and beam. The axial stresses in the plate defined by
the stress function are integrated over the plate width and divided by the
maximum beam fiber stress and the maximum plate stress to determine
respectively effective widths suitable for computation of the section
modulous of the combined section when the beam fiber stress or maximum plate
stress are to be calculated.
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I Newmark, N.M. I
I NUMERICAL METHODS OF ANALYSIS OF BARS, PLATES AND ELASTIC BODIES, I
I Numerical Methods of Analysis in Engineering~ Edited by L. E. Grinter, Hill, R. I
I MacMillan Co., New York, 1949 THE MATHEMATICAL THEORY OF PLASTICITY, Oxford University Press, Oxford, 1950 I
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Heyman, J.
THE PLASTIC DESIGN OF GRILLAGES, Engineering, Vol. 176, p. 804-807, 1953
Prager, William and Hodge, Philip G.
t THEOR~ gF PERFEcrLY PLASTIC SOLIDS, John Wiley & Sons, Inc.~, New York, 1951
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I Dow, Norris F., Levin, L. Ross and Troutman, John L. t
I ELASTIC BUCKLING UNDER COMBINED STRESSES OF FLAT PLATES WITH INTEGRAL I
I WAFFLE-LIKE STIFFENING, NACA TN 3059, Jan. 1954 I
I I
I Tests performed on square sections, composed of cast aluminum plates with I
I integral stiffeners on one side of plates, subject to torsion and compression I
I are described. The angle between stiffener and longitudinal axis was varied. The I
I best angle to use between axis of plate and stiffener depends on luading. I
I Experimental results compared with analytical. I
I I
I KEY WORDS: buckling, experimental, grillage, in-plane load, shear, I
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design, shipsKEY VVORDS:
Arnott, David
DESIGN AND CONSTRUCTION OF STEEL MERCHANT SHIPS, Published by the Society
of Naval Architects and Marine Engineers, 1955
Green, A. E. and Zerna, We
THEORETICAL ELASTICITY, Oxford University Press, Oxford, 1954
55-1
elastic anal¥sis~ grillage, orthotropic,plates
Crawford, Robert F. and Libove, Charles
SHEARING EFFEcrlVENESS OF INTEGRAL STIFFENING, NACA Tech. Note 3443,
June 1955
Values of coefficients for defining the effectiveness of integral stiffeners
in resisting shear deformations of the plate of which they are an integral
part are presented. The coefficients are evaluated by means or an analog
computer. Formulae are presented in which these coefficients may be used to
calculate the elastic constants associated with the twisting and shearing of
integrally stiffened plates.
KEY WORDS:
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I Dow, Norris F., Libove, Charles and Hubka, Ralph E. I
I FORMULAS FOR THE ELASTIC CONSTANTS OF PLATES WITH INTEGRAL WAFFLE-LIKE I
I STIFFENING, NACA Report 1195, 1954 I
I I
I Formulas are derived for the fifteen elastic constants associated with I
J bending, stretChing, twisting, and shearing of plates with closely spaced I
1 ~ integral ribs. In the derivation the plates are treated as anisotropic I
I sandwich plates, the layers of which represent properties of the I
I stiffeners. The constants which include the effectiveness--- of the ribs I
I for ressisting deformations other than bending and stretching in their I
: longitudinal directions are defined in terms of four coefficients a, B, I
I a f and Bf, and theoretical and experimental methods for the evaluation of :
I these coefficients are discussed. I
I .. _. I1 KEY WORDS: elast1.c analys1.s, grlllage, orthotroplc, plates I
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56-4
bending, elastic analysis, integral equations, plates,
small deflect~on
bending, elastic analysis, in-plane loads, orthotropi~plates
Nowacki, Witold and Kaliski, Sylwester
SOME PROBLEMS OF STRUCTURAL ANALYSIS OF PLATES WITH MIXED BOUNDJlRY
CONDITIONS (In English), Archiwum Mechaniki Stosowaneje, Vol. 8, p. 413-38,
1956
KEY WORDS:
The problem of an elastic plate supported on Winkler type foundatio~ over
portions of its area and elastically restrained against translation and
rotation over some portion of its periphery is studied. The problem is
formulated in terms of Fredholm integral equations of the-first and second
or mixed types, in which the influence functions for the plate serve as the
kernels and the support reactions are the function sought. The solutions
to this system of integral equations are used in turn. with the influence
surfaces to obtain the deflection surface for the plate considered. Several
examples concerned with rectangular~platesunder normal loads are presented.
KEY WORDS:
56-3
56-1
bending, elastic analysis, experimental, init~al imperfections,
in-plane loads, integral equations, plates, residual stresses,
transversely stiffened
design, ships
The behavior of a transversely stiffened panel subjected to axial and normal
loads is ·studied analytically by using integral equations and small deflection
theory. The results of the analysis are compared to the results of model
tests. The effects of initial deformations due to welding are included in
the analysis. The stiffeners are assumed to offer elastic restraint against
rotation but do not permit the plate to move out of its ptane at the stiffener
plate junction.
KEY WORDS:
Yoshiki, Masao; Kanazawa, Takeshi and Ando, FlliIlitaka
A STUDY ON THE STRENTH OF SHIP 1S BOTTOM PLATING (in English), Proceedings
of the 2nd Congress Theoretical and Applied Mechanics, New Delhi, India;
Indian Society Theoretical Applied Mechanics, Indian Institute of Technology,
Kharacdur, 1956, p. 41-56
Manning, George C:
THE THEORY AND TECHNIQUE OF SHIP DESIGN, The Technology Press of the
Massachusetts Institute of Technology, 1956
KEY WORDS:
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I IKaczkowski, ZoO I
: ORTHOTROPIC RECTANGULAR PLATES WITH ARBITRARY BOUNDARY CONDITIONS (in English) I
I Archiwum Mechaniki Stosowanej, Vol. 8, No.2, p. 179-96, 1956 I
I
: Double trigonometric series are used to obtain the deflection functions for an I
I orthotropic rectangular plate,resting on an elastic foundation,subjected to I
I axial and normal loads with boundary deformations specified. The problem is I
I formulated in terms of intermediate deflection theory. The solution is broken I
I into four parts, a particular solution and three homogeneous solutions to I
I intI·O'juce the effects of edge rotations, deflection of edges between corners
I and the deflections of the corners. The author notes that the resulting
I series often do not converge satisfactorily and especially so near the edges.
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bending, elastic analys1s, experimental, orthotropic, platesKEY WORDS:
Hoppman, W. H., II; Huffington, N. J. and Magness, L. S., Jr.
A STUDY OF ORTHOGONALLY STIFFENED PLATES, The Journal of Applied Mechanics,
Vol. 23, No.3, Sept. 1956, p. 343-50
Experimentally determined elastic properties are used in conjunction with
orthotropic plate theory for the analysis of plates with wide, shallow
stiffeners which are symmetric with respect to the plate. Strain data from
dynamic bending tests were found to compare favorably with the stresses
predicted by means of the analysis.
Losee, L. K.
STRENGTH OF STRUCTURAL MEMBERS, Bureau of Ships Design Data Sheet, DDS 1100-3,
1957
56-7
56-5
Sokolnikoff, I. S.
MATHEMATICAL THEORY OF ELASTICITY, McGraw-Hill, New York, 1956
Crawford, Robert F.
A THEORY FOR THE ELASTIC DEFLECTIONS OF PLATES INTEGRALLY STIFFENED
ON ONE SIDE, NACA, Tech. Note 3646, April 1956
An elastic-deflection theory is presented for anistropic plates which
~exhibit "coupling between bending and stretching. The theory provides a basis
for analysis of plates stiffened on one side. Example calculations show that
for a simply supported square plate loaded in compression and -having equal
flexural stiffnesses in the principal directions, coupling may significantly
lower the in-plane compressive load at which deflections grow rapidly.
KEY WORDS: elastic analysis, grillage, in-plane loads, large defelcti~n
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Clarks?n, J. and Wilson, L. B.
TESTS ON THREE FLAT PLATED GRILLAGES: PART IV PLASTIC COLLAPSE, Naval
Construction Research Establishment Report No. N.C.R.E./R.390D, Dunfermline,
Dec. 195757-2
Holman, D. F. _
A FINITE SERIES SOLUTION FOR GRILLAGES UNDER NORMAL LOADING, Aeronautical
Quarterly, Vol. 8, Feb. 1957, p. 49-57
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58-1
bending, experimental, grillage, plastic analysis, steel
buckling, effective width, experimental, initia~ imperfections,
shl.ps
KEY WORDS:
Three grillages, made up of steel plates reinforced in both the longitudinal
and transverse direction by steel T
'
s were loaded to failure under concen-
tra~ed loads. One grillage failed prematurely due to rupture at a weld.
Another grillage collapsed into a developab~e surface at a load predicted by
a simple plastic analysis in which an effective width of 20% of the beam
spacing was used. The third grillage collapsed into a surface which was not
developable and obtained an ultimate load, governed by weld failure, of 60%
above that predicted by a simple plastic analysis~ The investigators attri-
buted the additional strength to th~ beneficial effects of membrane action
and strain hardening.
KEY WORDS:
57-4
bending, elastic analysis, in-plane loads, platesKEY WORDS:
The elastic small deformation analysis of folded plate structures without
interior diaphragms is accomplished by; 1) determining the response of the
plate elements to sinusoidal edge displacements, 2) expanding "fixed edge"
reactions for those plates SUbjected to normal loads in a Fourier series
and 3) applying, in effect, a deformation of analysis for each harmonic of
the Fourier series. This formuation results in four unknowns per longi-
tudinal line of junction of the plate elements for each harmonic~
Goldberg, J. E. and Leve, H. L.
THEORY OF PRISMATIC FOLDED PLATE STRUCTURES, International Association of
Bridge and Structural Engineers, No. 87, 1957, p. 59-86
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I Vasta, John I
I LESSONS LEARNED FROM FULL-SCALE STRUCTURAL TESTS, The Society of Naval I
I Architects and Marine Engineers, Trans. Vol. 66, 1958, p. 165-202 I
I I
I The paper summarizes what the author feels to be the most important experimental I
I results obtained from nineteen full scale ship structural tests. Three of I
I the tests were carried to destruction. The conclusions of interest were:_ I
I 1) the hull structure behaves as box beam and stresses predicted by simple
I beam theory are close to test results. (i.e. effect of sh~ar lag is relativ-
I ely small)~ 2) in calculating I of hull x-section, all material that is
I continuous along length is effective, including longitudinal stiffeners,
I 3) simple beam theory stress agrees well with average stress even after
I buckling, 4) failure moment, i.e. ultimate moment is close to that predicted
I by aSh. where a
e
::: average ultimate stress on plate similar to those
I in sH~B de~e~~ned in laBBratory, 5) initial out of plane im~erfectio~
I increase during service life. One was said to increase from kTt to Itt in
I three years.
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58-4
design, shipsKEY WORDS:
The changes in technology of ship construction during the past two centuries
are discussed and contr2sted to the changes during the past ten years. It
is pointed out that progress is hampered by lack of knowledge of the seas.
Steps being taken to improve the knowledge are outlined. The current
approach to design is outlined and several problems confronting the designer
are discussed.
Brown, J. A.
PROBLEMS RELATED TO THE DESIGN OF STRUcrURES FOR SHIPS OF THE U. S. NAVY
Structural Mechanics - Proceedings of the First Symposium on Naval
Structural Mechanics held at Stanford University, California, Aug. 11-14,
1958, p. 1-15
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I Hoppmann, W. H., II I
I MECHANICS OF STIFFENED PLATES AND SHELLS, Summary and Final Report Contract Wilde, P. I
I NONR248(12), Mech. Engrg. Dept., The Johns Hopkins University, March 1958 THE GENERAL SOLUTION FOR RECTANGULAR ORTHOTROPIC PLATES (In English) I
I Archiwum Mechaniki Stosowanej, Vol. 10, No.5, 1958, pp. 747-54 I
I The report contains no detailed discussion of the problem but does give . I
I t some -historical backgrolU1d. The author suggests using experimentally The author derives expressions for the Fourier coefficients of the fl-omo- I
I determined properties in orthotropic plate eluations. The effects of shear geneous portion of the deflection surface of an orthotropic rectangular :
I deformations and rotatory inertia are mentioned. The difficulty of plate resting on an elastic fOlU1dation and" subject to arbitrary boundary I
I realizing boundary conditions used in analysis-in actual structure is conditions by means of the Fourier Sine transform. This solution I
I discussed. superimposed on Navierfs solution yields the general solution for the title I
I problem. In plane loads are considered. I
I KEY WORDS: grillage I
I KEY WORDS: bending, elastic analysis, in plane loads, orthotropic, plates I
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I Hendry, Arnold W. and Jaeger, Leslie G. I
I THE ANALYSIS OF GRID FRAMEWORKS AND RELATED STRUcrURES, Chatto and Windus, I
I London, 1958 I
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Guy, Albert G.
ELEMENTS OF PHYSICAL METALLURGY, Addison-Wesley, Reading, Mass., 1959
KEY WORDS:
the
59-3
Hodge, Philip G.
PLASTIC ANALYSIS OF STRUcrURES, McGraw-Hill Book Co .. , Inc., 1959
The differential equations of bending and twisting of an axially loaded
beam column are used to express the reactions between stiffeners and plate
in terms of stiffener properties and differential functions of the plate
~defle~tton at the stiffener. The resulting expressions are introduced into
Green's function for an anistropic plate and integrated over the lines of
contact between the plate and the stiffeners. The cornpone~~ Qfaxial force
N which acts out of plane due to curvature is similarly introduced into
G~een's function and integrated over the entire plate. The sum of these
integrals yields a linear homogeneous integro-differential equation for
plate deflections. An infinite series of orthogonal functions containing
an arbitrary constant is assumed for wand introduced on both sides of the
equation. Both sides of the equation are then multiplied by the function
and integrated to obtain a series of simultaneous homogeneous equations in
coefficients. The solution to this eigenvalue problem yields the critical
value of loading ..
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I Kusuda, Tadao l J
I BUCKLING OF STIFFENED PANELS IN ELASTIC AND STRAIN-HARDENING RANGE, I
: Transportation Technical Research Institute, Rept. #39, Oct. 1959,
I Published by the Unyu-Gijutsu Kenkyujo Mejiro, Toshima-Ku, Tokyo, Japan
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I Lightfoot, E. and Sawko, F. I
I GRID FRAMEWORKS RESOLVED BY GENERALISED SLOPE-DEFLECTION, Engineering, I
I Vol. 187, No .. 1, p. 19-20, 1959 I
I I
I A deformation method of analysis is applied to beam grids under normal I
I loads. A comparison is drawn between the analysis of grids subjected to :
I loads in their planes and normal to their planes. The modifications to be I
I made to a computer program, originally intended for use with frames loaded
I in their plane, to permit its application to the normal load case are
I disucssed.
I
I
I
I
I
I
I
I
I
I
I
I I
i J -~--------------------------------------------
j-J
V1
(J)
60-2
buckling, design, effec~ive width, elastic analysis, grillage,
initial imperfections, in-plane load, large deflection,
orthotropic, plastic analysis, plates, post buckling, shear,
ships
KEY WORDS:
Considers: 1) nature of loading on plates in different parts of ships,
2) nature of boundary conditions, 3) elastic buckling of unstiffened plates,
4) plastic buckling of unstiffened plates, "5) elastic buckling of stiffened
plates (stiffeners selected not to buckle until plate reaches ultimate) or
orthotropic plate buckling, 6) post buckling strength of stiffened plates,
7) unfairness of ship plating.
Wah, Thein
PLATING UNDER IN-PLANE LOADS, A Guide for the Analysis of Ship Structures:
U. S. Govt. Pub. No. PB18ll68 p. 221-93
60-1
bending, design, elastic analysis, orthotropic, plastic analysis,
plates, ships
KEY WORDS:
The author has assembled the results of the investigations of·a number of
researe.hers that are of interest to designers. The material includes;
1) design curves for orthotropic plates, by Schade, 2) results of the large
deflection elastic analyses of plates performed by Levy, Way- and Greenman,
3) an elastic membrane analysis for very thin plates subjected to large
deformations, 4) ClarksonTs plastic analysis, and 5) comments'on tests of
plating.
Wah, Thein
PLATING UNDER LATERAL LOADS, in A 9uide for the Analysis of Ship Structures:
U. S. Govt. Publication -No. PB181l68, 1960, p. 185-220
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bending, buckling, design, elastic analysis, grid, grillage,
in-plane loads, plastic analysis, ships
KEY WORDS:
The paper includes a discussion of: 1) the design of stiffeners, 2) the
analysis of grillages treated as beam grids, 3) minimum weight design of
transversely stiffened plates under axial loads, 4) corrugated bulkheads,
5) local buckling of cellular structures and 6) stresses in plates loaded
over small areas.
Wah, Thein
SPECIAL PROBLEMS IN THE DESIGN OF BULKHEADS, BOTTOM STRUCTURES, AND DECK
.~·p:LATING, A Guide for the Analysis of Ship Structures, U. S. Govt. Pub.
No~ PE 1181168, 1960, p. 329-354
60-3
bending, design, elastic analysis, in-plane load, large
deflection, plates.
KEY WORDS:
The author presents the results of large and small deflection elastic
analysis of plates under combined lateral and in-plane loads. For the
linearized theory, in which the distribution of in-plnae stresses in known
initially, there are presented charts for maximum deflections, moments and
stresses for various loading and boundary conditions as well as magnification
factors to be used in conjunction with the results of a bending analysis to
introduce the effects of in-plane loads. The results of some approximate
solutions for the large deflection, nonlinear, theory are presented and some
attention is directed to the requirements for solutions if a plastic analysis
is to be used.
Wah, Thein
PLATING UNDER COMBINED LATERAL AND IN-PLANE LOADS, in A Guide for the Analysis
of Ship Structures, U. S. Govt. Pub. N . PB 181168, p. 294-328
I
I
I
I
I
I
I
1
I
I
I
1
I
1
I
I
I
I
I
1
I
1
I
I I
_~~~---------------------------------------------J---- __ - 1
~
~
~
60-6
bending, elastic analysis, in plane load, initial imperfections,
orthotropic, plates, sandwich panel.
KEY WORDS:
60-7
60-5
buckling, elastic analysis, in-plane loading, longitudinally
stiffened, orthotropic, sandwich panel, shear
bending, elastic analysis, plates
KEY v.xJRDS:
KEY WORDS:
Ang, A. H.. S .. and Newmark, Nathan M.
A NUMERICAL PROCEDURE FOR THE ANALYSIS OF CONTINUOUS PLATES, Second
Conference on Electronic Computation, ASCE, Sept .. 1960, p .. 379
The analysis of plates continuous over interior supports is accomplished by
superimposing the results of the finite difference equivalent of a particular
and a homogeneous solution to the biharmonic differential equation of plate
bending for each plate panel. The particular solution, 'corresponding to
fixed boundaries, is determined directly by means of the conventional finite
difference methods.. The homogeneous solution was arrived at by performing
an iterative analysis using Newmarkts lumped parameter model. The iterative
solution corresponds very closely to Crossts moment balancing pr?cedure.
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I I . . - J
I I
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I I
I I
I Harris, Leonard A.. and Avelmann, Richard R. Chang, Chieh C. and Fang, Bertrand T. f
f STABILITY OF FLAT, SIMPLY SUPPORTED CORRAGATED CORE SANDWICH PLATES UNDER INITIALLY WARPED SANDWICH PANEL UNDER COMBINED LOADINGS, Journal of the I
I COMBINED LOADS, Journal of the Aero-Space Sciences, Vol. 27, No .. 7, July ~ero/Space Sciences, Vol .. 27, No .. 10, Oct. 1960, p. 775-787 I
I 1960, p. 525 I
I t Small deflection theory and the calculus of variations are used to o~tain I
I The Rayleigh-Ritz method is employed to determine buckling loads of panels differ~ntial equations and boundary conditions for a sandwich panel, initially 1
I subjected to combinations of shear and normal stresses in~--the plane of the warped; under in-plane and bending loads.. The sandwich plate treated is - I
I plate for sandwich plates.. made up of dissimilar outer plates (bending strength negligible) and an I
orthotropic core.. For simply supported rectangular panel solutions of :
differential equations in form of double Fourier Sine series are obtained. A I
square plate, simply supported is worked an example. I
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I I
I Clough, Ray W.. I
I THE FINITE ELEMENT METHOD IN PLANE STRESS ANALYSIS, Second Conference on I
I Electronic Computation, ASCE, Sept. 1960, p. 345 I
I I
I Stiffness matrices are developed for rectangular and triangular plane stress I
I elements. The rectangular finite element is assumed to be subjected to I
I linearly varying boundary forces and the triangular finite element in a I
I state of uniform strain in developing the matrices which define the response I
I to nodal deformations. The finite element approach is illustrated by I
I treating a rectangular plate subjected to concentrated forces and d rectangular :
I plate with a rectangular cut-out subjected to a uniformly distributed axial I
I load. I
I
I KEY WORDS: elastic analysis, finite element, in-plane load, plates :
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61-1
bending, elastic analysis, gridwork analogy, grillageKEY WORDS:
Ang, A. H. S. and Prescott, W.
EQUATIONS FOR PLATE-BEAM SYSTEMS IN TRANSVERSE BENDING, ASCE Prec., Vol. 87,
No. EM6, Dec. 1961, Pt. 1, Paper 3009, p. 1-15
A lumped parameter model is employed to develop finite difference operators
applicable to plates bounded by beams of rectangular cross-section.
Attention WdS restricted to the simplest case in which the beams are
symmetric with respect to the plate and the system is subjected to normal
loads only. Thus, only bending behavior of the plate need be considered.
The St. Venant torsional stiffness of the beams is taken into account under
the assumption that they are subjected to uniform torsion between the nodes.
~--------------------------------r---------------~---------------------------------.----------------
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I I I
I I I
I I I
I Yuille, I. M. and Wilson, L. B. I I
I TRANSVERSE STRENGTH OF SINGLE HULLED SHIPS, Quarterly Trans of the Royal I Suhara, Jiro 1
I Institution of Naval Architects, Vol. 102, NO.4, Oct. 1960, p. 579-611 I THREE-DIMENSIONAL THEORY OF THE STRENGTH OF SHIP HULLS, Memoirs of the 1
I I Faculty of Engineering Kyushu University, Vol. 19, No.4, Fukuoka, Japan, 1960 I
I A portion of the hull of a ship between bulkheads is analyzed by means of a I I
I deformation method to determine its response to transverse loads. For the I Slop:-deflection equations are written for the longitudinal and transverse t
I purposes of the analysis it was assumed that the bulkheads are rigid in and I fram1ng elem:nts of a section of a ships hull. The torsional rigidity of 1
I normal to their planes. An effective width of plate was used--irr calculation I ~he members .1S neglected as are the effects of axial loads. Plate behavior I
I of the bendng rigidity of the stiffeners. The shearing stiffness of the plate I 1S not consldered. I
I in a simplified form, in the transverse direction was taken into account. ' I .. . . I
I Axial shortening of the transverses was taken into account but the effective I KEY WORDS: bend1ng, elast1c analys1s, gr1d, Sh1PS I
I reduction i~ bending stiffness due to axial loads was not. The. results of I r I
I the analysis were compared with the results of a model study. I . 60-10 I
I I I
I KEY IMJRDS: bend~g, effective width, elastic analysis, grillage, matrix I I
I metho 5 ships --- I I
I ----, I I
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I 60-9 I I
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I Richmond, Brian I
I APPROXIMATE BUCKLING CRITERIA FOR MULTI-STIFFENED REcrANGULAR PLATES UNDER I
I BENDING AND COMPRESSION, Proe. Instn. Civil Engrs., Vol. 20, Sept. 1961, I
I .p. 141-50 I
I I
I The bending referred to in the title is a linear variation of the axial loads I
I applied to the grillage. Only axial loads are considered. For grillages with I
I uniformly spaced longitudinals and transverses, Timoshenko's energy method is t
I used in conjunction with orthotropic plate theory to evaluate the buckling I
I loads. For grillages with variable stiffener spacing, a finite difference I
I formulation is employed. II - . I
: KEY WORDS: buckling, elastic analysis, grillage, in-plane load :
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61-4
anisotropic, bending, elastic analysis, in-plane load, plates,KEY WORDS:
A li~ear theory is established for general mUlti-layer aeolotropic.plates
subject to in-plane forces and transverse loading. It is shown that in-plane
forces and bending are coupled in differential equations and in boundary
conditions, in general. Some special types of heterogeneity are indicated
for which the coupling of stretching and bending does not occur. Some
numerical results for specific problems are given.
Stavsky, Yehuda
BENDING AND STRETCHING OF LAMINATED AEOLOTROPIC PLATES, ASCE Proc., Jnl.
Eng. -Mech., Vol. 87, No. EM6, Dec. 1961, Pt. 1, p. 31-56
61-5
61-3
anistropic, bending, elastic analysis, in-plane load, large
deflections, plates, sandwich panel, small deflections
De Rooij, Ir G.
PRACTICAL SHIPBUILDING, The Technical Publishing Company H. Starn N. V.
Haarlem, The Netherlands, 1961
Reissner, E. and Stavsky, Y.
BENDING AND STRETCHING OF CERTAIN 1YPES OF HETEROGENEOUS AEOLOTROPIC
ELASTIC PLATES, ASME Trans., Vol. 83 E (Journal Appl. Mech.), No.3,
p. 402-8, Sept. 1961
KEY VK)RDS:
The coupled differential equations of bending and stretching are developed
~for plates such as a sandwich plate composed of two layers of aeolotropic
material whose respective axes of elastic'symmetry do not coincide. The
equations formulated in terms of small deflection theory are solved for the
case of a uniform in-plane load and for the case of pure bending. It is
shown that consideration of the coupling between bending and stre~ORing
yields results which differ significantly qualitatively andluantitatively
from those obtained when the coupling is ignored. The differential eluations
for the large deflection case are presented but not solved.
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: STANDARD SPECIFICATIONS FOR HIGHWAY BRIDGES, The American Association of State :
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Lee, Ti-Ta
ELASTIC-PLASTIC ANALYSIS OF SIMPLY SUPPORTED REcrANGULAR PLATES UNDER
COMBINED AXIAL AND LATERAL LOADING, Fritz Engineering Laboratory Report
No. 248.7, Department of Civil Engineering, Lehigh University, August 1961
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I I Abrahamsen, E. I
I Timoshenko, Stephen P. and Gere, James M. I OR~HOGONALLY STIFFENED PLATE FIELDS, Proceedings of the First International I
I THEORY OF ELASTIC STABILITY McGraw-Hill Book C'.Jmpany Inc. New York 1961 I ShlP Structures Congress, Glascow, 1961 II ~.~ ,. ,,., I I
I I This paper serves as an extensive introduction to the literature reIated to I
I I Experimental and theoretical investigations' of many aspects of grillage I
I behavior. I
I I
I KEY WORDS: bendir:g, elastic analysis, grillage, in-plane loads, I
I plastlc analysis I
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I Gerard, George I
I INTRODUcrION TO STRUcrURAL STABILITY THEORY, McGraw-Hill 1962 I
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63-3
Muskhelishvili, N. I.
SOME BASIC PROBLEMS OF THE MATHEMATICAL THEORY OF ELASTICITY, (Second
English Edition Translated by J. R. M. Radok) p. Noordhoff Ltd., Groningen -
The Netherlands, 1963
63-2
62-2
buckling, design, elastic analysis, in plane load, orthotropic,
plates
KEY WORDS:
Marcal, P. V. and Turner, C. E.
NUMERICAL ANALYSIS OF THE ELASTIC-PLASTIC BEHAVIOR OFAXISYMME~RICALLY LOADED
SHELLS OF REVOLUTION, Journal of Mechanical Engineering Science, Vol. 5,
No.3, 1963
r--------------------------------r---------------l---------------------------------[---------------i
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I I I
I Das, Y. C. I
I BUCKLING OF RECTANGULAR ORTHOTROPIC PLATES, Applied Scientific Research I I
I Sec. A, Vol. 11, No.1, 1962, p. 97-103 I I
_ .~ I Wolchuk, Roman I
Elastic buckling of uniformly compressed rectangular orthotropic plates I DESIGN MANUAL FOR ORTHOTROPIC STEEL PLATE DECK BRIDGES, AISC, 1963 I
simply s~pported al:>ng two. opposite side~ ~erpendicular tQ ..the direction of I :
comp:esslon and havlng varlOUS edge condlt10ns along other two sides is I I
cons1dered. The results of the analysis are used to deal with elastic I I
buckling of plywood sheets for which design curves are presented. I KEY WORDS: bending, design, elastic analysis, grillage, orthotropic, I
I plates t
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63-5
elastic analysis, gridwork analogy, matrix methods, platesKEY WORDS:
A form of the gridwork analogy, similar in concept to those used earlier by
Hrenpikoff and McHenry, is applied to several plane stress problems .. The
method has been applied to several problems and the results are presented
for 1) a plate subjected to point loads, 2) -several beam problems, 3) a
plate with a circular hole subjected to ~iform te~sion _and 4) an Izod
specimen. Adaptation of the method for computer use is discussed and charts
are presented of ·computation time versus number of equations solved for the
method the author employed for IBM 7090 and 7094 computers.
63-4
bending, experimental, grillage, plastic analysis, steelKEY WORDS:
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I ' I
I Clarkson, J. I :
I TESTS OF FLAT PLATED GRILLAGES UNDER UNIFORM PRESSURE, Royal Instn. Nav. I M C . k C W I
: Arch. - Quarterly Trans., Vol. 105, No.4, Oct. 1963, p. 467-84 : P~~~ESS·ANi~YSIS, ASCE Proc., Vol. 89, No. ST4, Aug. 1963, Pt. 1, I
: Grillages made up of steel plates stiffened longitudinally and transversely I Paper 3581, p. 37-54
I by steel T se~tions were subjected to unifor~ hydrostatic pressure. The
1 (test ar~angement consisted of a wide, flat, watertight box whose larger sides
I ~were the grillages und~r test. Water under pressure was introduced in the
I boxes-to load the grillages. In some of the tests the bea~~_~ere inside the
I box and thus the flange of the TT S were in compression. In others, the beam
I were on the outside of the box and th~ flanges of the TT S were under tension.
I The results of a simple plastic analysis in which the full width of plate was
I assumed effective gave a good prediction of the load at which deflections grew
I rapidly. This was not the ultimate load of the grillages,however, since they
I collapsed into a surface which permitted the development of membrane forces
I in the grillages as a whole.
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Silter, G. E., Nikolai, R. J., Boresi, A. P.
ELASTIC PLATES-ANNOTATED BIBLIOGRAPHY 1950-1962, Ill. Univ. - Eng. Exp.
Sta. - Tech. Report 10, 1963,
Lists and describes briefly 994 references concerning elastic plate
63-6
Vitols, Vilis; Clifton, Rodney J. and AU, Tung
ANALYSIS OF COMPOSITE BEAM BRIDGES BY ORTHOTROPIC PLATE THEORY, ASCE Proc.
Vol. 89, No. ST4, Pt. 1, Paper 3581, Aug. 1963, p. 71-94
Orthotropic plate theory is applied to the analysis of composite highway
bridges with concrete slabs and steel beams. The influence of the diaphragms,
~hich do not act compositely with the Slab, on the behavior of the bridge
,Nas assumed to be negligible. Thus, the analysis consisted of an appli-
Jation of orthotropic plate theory to a longitudinally stiffened plate.
)ne n~erical example was worked.
~Y WORDS: bending, elastic analysis, longitudinally stiffened,
orthotropi~ plates
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64-4
buckling, elastic analysis, orthotropic, plates
bending, elastic analysis, grid,
Shuleshko, P.
SOLUTION OF BUCKLING PROBLEMS BY REDUCTION METHOD, ASCE Proc., Vol. 90,
No. EM3, June 1964, Paper 3945, p. 147-69
KEY WORDS:
A method is presented for the buckling analysis of orthotropic plates
uniformly compressed in the x direction. The solution is accomplished by
assuming that the deflection function can be represented by a product
function w = XY. The function X is replaced by a trigonometric function
appropriate to the boundary conditions and the resulting product function
placed in the orthotropic plate differential equation to obtain an ordinary
homogeneous differential equation for the function Y. The buckling load was
determined for boundary condition of fixity at y = 0, simple support at y
b and ends X = 0, x = a both fixed, both simple supported, one fixed and
the other simply supported.
KEY WORDS:
Smith, C. S.
ANALYSIS OF GRILLAGE STRUCTURES BY THE FORCE METHOD, Trans. Royal Institution
of Naval Architects, Vol. 106, 1964, p. 183-95
The force method is applied to the1analysis of plated grillages, reduoed by
the effective width concept to beam gridworks. The analysis includes the
effects of shearing deformations and twisting of the beams. It was concluded
that; 1) the inclusion of the effects of shear deformations had little effect on
bending moments, but an appreciable. effect on deformatiOns, and 2) the inclusion
of the torsional behavior of the beams as considered in the analysis (St. Venant
torsion only) had little effect.
64-3
64-1
bending, elastic analysis, grillages, in-plane loads,
plastic analysis
bending, elastic analysis, experimental, grid, plastic analysis
KEY WORDS:
Abrahamsen, E.
ORTHOGONALLY STIFFENED PLATING, Proceedings of the Second International Ship
Structures Congress, Delft, Netherlands, 1964
The paper supplements the work presented in the Congress held in Glascow in
1961. Additional references related to the experimental and theoretical
investigations of several aspects of grillage behavior are presented.
KEY WORDS:
An end moment-rotation curve of the form M = M + as, determined by testing
a simply supported beam, was employed to repre2ent beam behavior in the
~analy~i§ of a beam grid under normal loads. No consideration was given to
the torsional rigidity or the effects of torsion on the inelastic behavior
of the beams. The results of the analysis were compared w~~0 .test results
and the results of a simple plastic analysis employing the concept of the
plastic hinge. The deflections predicted on the basis of the experimental
moment-rotation curves were much larger than those predicted by the simpler
analysis employing the plastic hinge concept until shortly before develop-
ment of a meChanism.
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I Sawko, F. I ,
: EFFECT OF STRA~ HARDENING ON ELASTO-PLASTIC BEHAVIOR OF BEAMS AND GRILLAGES, I I
I Proc. Instn. ClV. Engrs., Vol. 28, Aug. 1964, p. 489-504
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64-8
bending, elastic analysis, experimental, finite element,
grillage, in-plane load, matrix methods
KEY VK>RDS:
The paper is concerned primarily with the applications of matrix methods to
problems of structural analysis. Several examples are presented of the
analysis of aircraft wing and fuselage structures by means of the finite
element methods. In these examples the bending of the plates was neglected.
It was assumed that the behavior of the plates was adequately defined by
application of the effective width and shear web concepts or by means of
finite element methods developed for the plane stress analysis of plates.
The analytical results were compared with test results for models of wing
and fuselage sections.
64-7
bending, effective width, elastic analysis, grid analogy,
grillage, orthotropic, plates
KEY WORDS:
Giencke, Ernst
tiBER DIE BERECHNUNG REGELMASSIGER KONSTRUKTIONEN ALB KONTINUUM, nOver the
Calculation of Regular Structures as Continua", Der Stahlbau, Vol. 33,
No.1, Jan. 1964, p. 1-6
The analysis of orthotropic bridge deck plates subjected to loads normal to
the plane of the plate is treated. A beam gridwork analysis and an ortho-
tropic plate analysis are compared with an TtexactfT analysis by another
author. Details of means of obtaining beam moments and reactions from the
orthotropic plate analysis are given.
r--------------------------------r---------------~---------------------------------r----------------
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I Schultz, H. G. J
I ZUR TRAGFAHrGKEIT DRUCKBEANSPRUCHTER ORTHOTROPER PLATTEN (On the Carrying C 1 A I
: capacity o~ Compressively Loaded Orthotropic Plate), Stahlbau, Vol. 33, D~~Cr STRESS ANALYSIS OF ORrHOTROPIC BRIDGE SLABS 1 ASCE Proc., Vol. 90, I
I No.4, Aprll 1964, p. ,123-6 No. ST2, April 1964, Pt. 1, Pape~ 3865, p. 1-12 :
: ~arge ~efl~cti~n orthotropic p~ate theory is empl~yed in the post b~ckling The decks of highway bridges are treated for the purposes of analysis as :
1 ~ _na~ys~s 0 gr llages under aXlal loads. F<:>r a slmply supported grlllage, orthotropic plates, simply supported at the ends and free on the edges, I
1 It lS assumed ~hat the out o~plane de~lect:ons a::e adequately represented subjected to normal loads. The analysis takes into account the effects of I
1 by the expresslon w ~ f cos ~ cos 1t In whlch f lS an un~?~ constant. shearing deformations normal to the plate and Reissnerfs boundary conditions I
1 This expression for the out of plane deflection is introduced in the coupled are used. The loads, couples and shears are expressed as products of poly- I
I nonlinear differential equations for out of plane deflections and Airyr s nominals in the dimension'of width and unknown functions of the dimension of I
I stress function ~ to obtain a linear differential equation for ~. The length. Variational calculus in used to minimize the total potential in the I
I differential equation tor ~ is solved and the constant f evaluated to satisfy system and it result is ordinary differential equation for the function of I
'I the boundary conditions. It was assumed that the carrying capacity of the dirrension of length. The author notes that by solving directly for stresses, I
1 grillage was exhausted when the membrane stresses at the boundary or the rather than solving first for deformation, increased accuracy is obta-ined. I
1 combined membrane and bending stresses at the center reached the yield point. The results of the analysis are compared with the results of model studies. I
I I
I KEY WORDS: buckling, elastic analysis, grillage, in-plane loads, orthotropic, KEY WJRDS:' bending, elastic analysis, experimental, orthotropic, plates I
I post-buckling, plates I I
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I Argyris, J. H.; Kelsey, S. and Kamel, H. I
I A PRECIS OF RECENT DEVELOPMENTS, in Matrix Methods of Structural ~nalysis, I
I F. deVeubeke Ed., AGARDograph 72, Pergamon Press, 1964 I
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DeVeubeke, F. B. M.
UPPER AND LOWER BOUNDS IN MATRIX STRUCTURAL ANALYSIS, in Matrix Methods of
Structural Analysis, F. deVeubeke Ed., CAGARDograph No. 72), MacMillan Co. ~964
64-11
64-9
Gallagher, R. H., Rattinger, Ivan and Archer, J. S.
A CORRELATION STUDY OF METHODS OF MATRIX STRUCTURAL ANALYSIS, AGARDograph 69,
The MaCMillan Co., New York, 1964
~ -~Bolotin, V. V.
THE DYNAMIC STABILITY OF ELASTIC SYSTEMS, Holden-Day Series in
Mathematical Physics, San Francisco, 1964
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I ANALYSIS OF LATERALLY LOADED GRIDWORKS, Proc. ASCE Vol 90, No. EM2, I
I April 1964, p. 83-106 ." I
I I
I A deformation method of analysis is employed to formulate equations for I
I the joint rotations and displacements of a beam gridwork under normal I
I loads. The resulting equations assume the form of sixth order partial I
I difference equations when the effects of beam torsion. are taken into I
I account. Solutions are indicated for various types of boundary conditions I
I in the form of finite series. I
I I
I KEY WORDS: bending, elastic analysis, grid I
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bending, elastic analysis, grid, in-plane load, matrix methods,
shear, small deflections
KEY WORDS:
Nielsen, Richard, Jr.
ANALYSIS OF PLANE AND SPACE GRILLAGES UNDER ARBITRARY LOADING BY USE OF
THE LAPLACE TRANSFORMATION, Report No. DSF-12, Danish Ship Research
Institute (Dansk Skibsteknish Forskningsinstitut) Jan. 1965
The calculus of variations is used to derive the coupled differential
equations of bending of a series of girders subjected to specified axial
loads and interconnected by transverse stiffeners through whiCh normal
loads are applied. The coupled differential equations are solved by means
of application of the Laplace transform and matrix algebra. Shearing
deformations of the girders and torsional rigidity (St. Venant) of the
transverse stiffeners are considered. A number of worked examples are
givep.
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I I Wah Thein J
I I THE' BUCKLING OF GRIDWORKB, Journal of the Mechanics and Physics of Solids, I
I I Vol. 13~ No~ 1, Feb. 1965, p. 1 I
I I I
I Clarkson, J. : Both the in-plane and out of plane buckling of beam grids are considered. :
: THE ELASTIC ANALYSIS OF FLAT GRILLAGES, Cambridge University Press, 1965 I The in-plane buckling, or frame buckling, problem is formulated by writing I
I .~ I the conventional slope deflection equations with member stiffness as functions I
I ~ I of axial loads. The characteristic values of the resulting set of -homogeneous I
I ~___ _ . I ee:tuation are ~etermined to :valuate the bU:kling load. .The out-of-plan: buck- I
I KEY WORDS: bending, design, effective width, elastic analysis, grillage, I Ilng problem 15 formulated III a somewhat dlfferent fashlon~ A deformatlon I
I plastic analysis I method of analysis, comparable to the slope-deflection method but including I
I I torsion, is used to develop expression for the out of plane deformations of I
I I the joints. The resulting equilibrium equations assume the form of a finite I
I I difference operator. A deflection function which fulfills the requirements I
I 65-1 I of the operator is determined in the buckling load evaluation. I
I I I
I I KEY WORDS: buckling, elastic analysis, grid I
I I I
I I 65-2 I
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I I
, (
: Ni~lsen, R., >Jr~~-and- Michels~n, F. C. :
I GRt"LLAijE-sTRUCTURE ANALYSIS THROUGH APPLICATION OF THE LAPLACE INTEGRAL I
I TRANSFORM, Soc. Naval Architects and Marine Engineers, Preprint of Paper I
I No~ 5 for meeting to be held Nov~ 11-12, 1965, 16 pages I
I I
I A grillage subjected to normal loads is treated as a beam gridwork~ The I
I effective width concept is used to include the influence of the plate. I
I Two approaches are employed~ One approach is to employ the Laplace trans- I
I form in conjunction with matrix algebra to solve the coupled differential I
I equations of bending of the beams. The other is the use of slope-deflection I
I equations to solve the problem~ I
I I
I KEY IDRDS: ~et~~g, effective width, elastic analysis, grillage, matrix I
leos I
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65-7
Bending analysis of plates subjected to transverse loads is accomplished by
analyzing an equivalent beam gridwork. Square or rectangular gridworks with
diagonal are use~. 1~Property of beams used: Torsional and flexural rigidity
of edge beams are CYlexural rigidity of diagonal beams. The properties of
the plate are reiated to the cross-section properties of the beams by
equating rotations of a plate element subjected successively to M ,M and
M
xy to those of an element of the grid under the same loading. x y
KEY WORDS: bending, elastic analysis, gridwork analogy, matrix methods,
plates
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I Skaloud, Miroslav .. I
I GRUNDLEGENDE DIFFERENTIALGLEICHUNGEN DER STABILITAT ORTHOTROPER PLATTEN MIT Wright, Douglas T. :
I EIGENSPANNUNGEN "FUNDAMENTAL DIFFERENTIAL EQUATIONS OF THE STABILITY OF MEMBRANE FORCES AND BUCKLING IN RETICULATED SHELLS, ASCE Proc. Vol. 91, I
I ORTHOTRQPIC PLATES WITH RESIDUAL STRESSES", Acta Technica CSAV, No.4, 1965, No. ST1, Pt. 1, Feb. 1965, p. 173-201, Paper 4227 I
I p. 395-403 I
I ~ ,- The author determines analogous plate properties to represent space-frame I
I The ef~ects of residual stresses are introduced,by means of a stress function type shell as a continuum. The space fram~ type shell is then analyzed by I
I similar to Airy's stress function but not satisfying the biharmonic conventional shell theory. I
I differential equation, into the large and small plate deflection equations. I
I The cases of an initially flat plate and a plate with initial imperfections KEY WORDS: buckling, elastic analysis, grid, gridwork analogy, in-plane I
J are considered. No solutions to the differential equations so derived are I load, plates, shells I
: presented. I I
I 65-6 I
: KEY WORDS: bending, buckling, elastic analysis, initial imperfections, 1 I
I in-plane load, large deflections, orthotropic, plates, residual I I
I stress I I
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I . M IYettram, A. L.; Husaln, H. . I I
I GRID- FRAMEWORK METHOD FOR PLATES IN FLEXURE, ASCE Proc. Vol. 91, No. EM3, I Renton, J. D. I
June 1965, pt. 1, Paper 4361, p. 53-64 I ON THE GRIDWORK ANALOGY FOR PLATES, Jnl. of Mech. and Phys. of Solids, I
I Vol. 13, No.6, Dec. 1965, p. 413-20 t
I I
I The deflections of the analogous gridwork are compared with those of the J
I plate represented by the gridwork. The error was found to be of the order I
I of A2 , where A is the node spacing or grid size. The moments and couples I
I of the grid and plate were compared and the errors found to be of the same I
I order of magnitude as the deflections. I
I I
I KEY WORDS: bending, elastic analysis, gridwork analogy, plates :
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65-12
design, shipsKEY IDRDS:
RULES FOR BUILDING AND CLASSING STEEL VESSELS, American Bureau of Shipping,
New York, 1965
65-11
bending, elastic analysis, in-plane load, longitudinally stiffened,
plastic analysis, post buckling, residual stresses, steel
KEY WORDS:
A stiffener and its associated area of plate are analyzed as a beam column
subjected to normal and axial loads. The plate, acting as a flange of the
beam column, is assumed to have a stress-strain relationship defined by the
post-buckling average stress, axial shortening relationship for a long plate.
The conclusions drawn from the analysis were 1) lateral loads cause a signi-
ficant reduction in strength, 2) compressive residual stresses in the plate
reduce the strength of the panel and 3) a large post-bUCkling (plate buckling)
strength can be expected for panels with large plate width to thickness ratios.
r--------------------------------r---------------1---------------------------------r----------------
i
I I . . l I
I I
I I
I Davidson, Hugh L. t
I POST-BUCKLING BEHAVIOR OF LONG RECTANGULAR PLATES, Fritz Engineering Kondo, Jun I
I Laboratory Report No. 248.15, Lehigh University, June 1965 ULTIMATE STRENGTH OF LONGITUDINALLY STIFFENED PLATE PANELS SUBJECTED TO I
I COMBINED AXIAL AND LATERAL LOADS, Fritz Engineering Laboratory Report I
I The report summarizes the results of a survey of the literature related to No. 248.13, Lehigh University, Aug. 1965 I
I the post-buckling behavior of plates. The available analytical methods are I
: ~evalu~ted and existing experimental data discussed. The analytical and Lo~gitudinallY stif~ened plates heavy enough not to buckle, subject~d to I
I experlmental results were checked. It ~as concluded that Koiters theoretical ax~al and h~dro~tatlc no:mal loads~were analyzed by treating a typical I
I results can be used to adequately descrlbe the ~ost buckling behavior of stlffener wlth ltS assoclated plate area as· a beam column, Consideration I
I simply supported long plates with breadth to thickness ratios between 60 and was given to the nonlinear effects of inelastic behavior and large defor- I
I 100. mations. The nonlinear differential equations of equilibrium of the beam I
I . column were solved numerically to determine the ultimate strength of the I
I KEY WORDS: elastic analysis, plates, post-buckling beam column. I___
: 65-9 KEY WORDS: bending, elastic analysis, in-plane loads, longitUdinally :
I stiffened, plastic analysis, ultimate strength I
I I
I 65-10 I
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IT.'. ISUlJl, Tsuneo I
ST~NGTH ~F LO:r:rGITUD INALLY STIFFENED PLATE PANELS WITH LARGE bit, I
Frltz Englneerlng Laboratory Report No. L48.14, Lehigh University, June 1965 I
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des ign, shipsKEY YKJRDS:
LLOYDS REGISTER OF SHIPPING 1965
Vedeler, George
RECENT DEVELOPMENTS IN SHIP STRUCTURAL DESIGN, Applied Mechanics Reviews,
Vol. 18, No.8, p. 611, August 1965
~he work being done to develop statistical data for the prediction of wave
behavior is discussed. Then determination of the response of ships to wave
motions predicted by such data is discussed briefly. The question of longi-
tudinal strength is discussed. Attention is next directed to the determination
of stresses in plates and stiffeners. Buckling, both elastic and inelastic,
are discussed. Consideration is given to special ships with refrigerated or
heated cargo and the question of materials and optimization of structures
are discussed.
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Lopez, L. A. and Ang, A. H. S. I I
I FLEXURAL ANALYSIS OF ELASTIC-PLASTIC RECTANGULAR PLATES, Civil Engineering I Kapur, Kanwar K. and Hartz, Billy J. I
I Studies, Structural Research Series No. 305, University of Illinois, I STABILITY OF PLATES USING THE FINITE ELEMENT METHOD, ASCE Proc., Vol. 92, I
I Urbana, Illinois, May 1966 I No. EM2, April 1966, p. 177-95 I
I I
: A lumped parameter model in which stresses, strains and disPlac~ments are : A finite element approach is used to express the total potenti~l energy of I
I defined at discrete points is used to analyze sandwich plates whose outer I plates in terms of the deformations of the node points at which the finite I
I sheets follow the Prandtl-Reuss stress-strain law. The effects of large I elements- are connected. The total potential energy is then extremized to I
I deformations and inelastic behavior are considered in the analysis, but the I obtain a set of homogeneous equations for the nodal deformations. This I
I effect of transverse shear stresses on the yield condition was neglected I eigenvalue problem is solved to evaluate the plate buckling load in terms I
I under the assumption that the "shear core TT carried all transverse shears. I of a stability coefficient k such that the buckling load is equal to I
I The authors suggest that the method presented could be used with further I 2D II development for the analysis of conventional pla.tes. I cr = k!!....-.2 in which tis the total width of plate. I
I cr .f., t I
: KEY WORDS: bending, e las t ~c ana1ys is, grid analogy, large de fIection, I ... .. :
I plastic analysls, sandwich panel I KEY WORDS: bucklJ.ng, elastlc analysls, flnlte element, plates II ---
I I
I 66-1 I , 66-2 I
I
I I 1
I I I
I 1 I
I I~ J ----------------------------------------------
}-J
......j
o
66-4
design, shipsKEY WORDS:
The loading and structural behavior of ships are described in general terms.
Design policy is discussed and it is noted that the design rules of the
classification societies, largely empirical,. l~ad to structures which are
economical and safe. .
Chapman, J~ C~
DEVELOPMENTS IN SHIP STRUcrURES, The Structural. Engineer, Vol. 44, No.2,
Feb. 1966, p. 63-78
66-5
66-3
bending, elastic analysis, finite elements, in-plane loads,
large deflection, plates
bending, elastic analysis, finite element, grillage
KEY WORDS:
A brief description of prior work related to the introduction of second order
effects in determining the properties of finite elements is presented~ Then
derivation are prese~ted for the properties of stringer, beam column and
triangular plane stress elements taking into account large deformations. An
approach is suggested for determining the properties of a triangular plate
element subjected to large bending deformations.
Martin, H~ C~
ON THE DERIVATION OF STIFFNESS MATRICES FOR THE ANALYSIS OF LARGE DEFLEerION
AND STABILITY PROBLEMS, in Matrix Methods in Structural Mechanics:
Proceedings of the Conference held at Wright-Patterson Air Force Base, Ohio,
26-28 October, 1965 (Published November 1966) pp. 697-716
KEY WORDS:
Gustafson, w. C.
ANALYSIS OF ECCENTRICALLY STIFFENED SKEWED PLATE STRUCTURES, Doctoral
Dissertation, University of Illinois, Urbana, Ill., 1966
A finite element approach is used for the small deformation elastic analysis
pf rectangular and skewed grillages under normal loads~ The finite elements
used to represent the plate are quadrilaterals rigidly joined at their
corners (node points)~ Stiffness matrices are developed relating the defor-
mations of the node points to the node reactions for the finite elements used
to represent the plate and a similar finite element which incLudes a portion
of the beam~ These stiffness matrices are then used in a deformation analysis
of the grillage. The results are compared with other analytical studies and
some test results~ -
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I Bruinette, Konstant Ettienne I
I A GENERAL FORMULATION OF THE ELASTIC PLASTIC ANALYSIS OF SPACE FRAMEIDRKS, I
t Doctoral Dissertation, Department of Civil Engineering, University of I
I Illinois, 1966 I
I 1
I A yield surface defined in terms of the axial force, twisting moment and two I
I bending moments required to cause complete yielding of the cross-section is :
I developed. In the analysis of framffi it is assumed that a point in a beam t
I with a state of stress corresponding to a point on the yield surface may be I
I replaced by a plastic hinge. The direction of rotation of the plastic hinge I
I is established by requiring that the plastic deformation increment move on I
I an outward normal to the yield surface. The change in the state of stress I
I corresponding to the hinge deformation is established by restricting the I
I force increment vector to move on a plane tangent to the yield surface. The I
I plastic hinge concept is then employed in a simple elastic-plastic analysis I
: of frames subjected to proportional loads. No consideration is given to I
I second order effects in the analysis. I
I
: ~ WORDS: bending, elastic analysis, -grid, in-plane -loads, plastic analysis, I
I small deflections I
I 1
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66-10
66-8
elastic analysis, finite element, plastic anal~sis
bending, elastic analysis, grillages, orthotropic, plates, steel
KEY WORDS:
A'numerical method, based on the finite element concept, is present~d for
the performance of an elastic-plastic plane-strain analysis. The method of
analysis consists.of step by step application of small increments of load
and employing an iterative procedure to determine the corresponding
deformations.
KEY WORDS:
The analysis of steel highway bridge decks is accomplished by treating the
longitudinals and deck plate as an orthotropic plate continuous 'over the .
transverses. The torsional resistance of the transverses and the shear
interaction at the junction of the transverses and deck plate are neglected.
Two approaches to the problem are used; one a finite difference formulation
and the other a series solution formulation. Computer programs have been
developed, based on the method, for use in the design of new bridges and the
review of existing bridges.
66-9
66-7
Selon La Metthode
bend.ing, elastic analysis, grillage; platesKEY WORDS:
The analysis of cellular'highway bridges is accomplished by means of the
method employed by Goldberg and Leve for prismatic -folded plate structures.
The bridges are treated as groups of plates connected at their longitudinal
edges. Each of the plates is subjected to a small deformation plate bending
and plain stress analysis to determine its response to loads normal to and in
the plane of the plate. TtFixed edge TT moments and reactions and stiffness
matrices can then be developed for each plate in terms of Fourierfs series.
A deformation method 0f analysis is then applied for each harmonic of the
Fourier series. The method has been applied to the analysis of a number of
highway bridges.
Bare~, R. and Massonnet, C.
~ LE CALCtlL DES GRILLAGES DE POUTRES ET DALLES ORTHOTROPES
Guyon-Massennet-Bare~, Duned, Paris, 1966
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I I II I Reyes, Salvador Faustino I
I 1 ELASTIC-PLASTIC ANALYSIS OF UNDERGROUND OPENINGS BY THE FINITE ELEMENT I
I I METHODS, Doctoral Dissertation, University of Illinois, 1966
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I Scordelis, A. C. I Heins, C. P., Jr. and Looney, C. T. G. I
ANALYSIS OF SIMP~Y SUPPORTED BOX GIRDER BRIDGE~, Co~lege of Engineering Office : THE SOLUTION OF CONTlNU~U~ ORTH~TROP~C PLATES ON. FLEX~BLE SUPPORTS AS APPLIED
of Research Servlces Report No. SESM-66-17, Unlverslty of California, I TO BRIDGE STRUCTURES, C1Vll Englneerlng Dept~ Unlverslty of Maryland, College
Berkeley, Oct. 1966 I Park, March 1966
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66-12
bending, buckling, effe~tive width, elastic analysis, grid,
grillage, matrix methods, orthotropic,plates
KEY WORDS:
Smith, c. S.
ELASTIC BUCKLING AND BEAM-COLUMN BEHAVIOR OF SHIP GRILLAGES, Report No. R528,
N~val Construction Research Establishment, St. LeonardTs Hill, Dunfermline,
Fife, April 1967
The effective width concept is used to reduce the analysis of grillages to
the analysis of beam grids. A deformation method is employed to evaluate
1) deflections and bending stresses under combined normal and axial loads
including the effects of initial deformations of the beams, 2) the buckling
loads and corresponding buckling modes and 3) the natural frequencies and
corresponding modes of vibration including the effects of axial loads. The
results of the analysis as a grid are compared with an analysis based on
orthotropic plate theory.
Argyris, -J. H.
CONTINUA AND DISOONTINUA, in Matrix Methods in Structural Mechanics, Proceedings
of the Conference held at Wright-Patterson Air Force Base, Ohio, 26-28 October,
1965 (Published November 1966) pp. 11-190
KEY WORDS: bending, elastic analysis, finite elements, grillage, matrix methods,
nonlinear, plastic analysis
The author presents a broad survey ofnthe developments in matrix methqds of
structural analysis at the Institut furStatic and Dynamik in Stuttgart and at
Imperial College~ London between 1963 and 1965. The topics covered include
application of the finite element methods to:- 1) static and dynamic small
deformation ~lastic .ana~ysis of aircraft components, 2) large deformation
(nonlinear) elastic plain stress problems,3) elastic-plastic analysis for
plates in a state of plane stress, 4) limit analysis of structures containing
plate and beam elements and 5) large deformation elastic three dimensional
prob~~. .
67-1
66-11
bending, elastic analysis; finite e~ement; matrix methods
bending, elastic analysis, finite element, plates
A number of upper and lower bound finite element methods are applied to the
analysis of a single span, a rectangular section pox beam, a multispan
swept wing and a centrally loaded rectangular plate in order to study the_
rates of convergence with decreasing mesh size and relative accuracy of the
different methods. Convergence of the better upper and lower bound methods
was found to be equally satisfactory. A description of a direct stiffness
type program developed by the junior author is included.
KEY WORDS:
Sander, G. and DeVeubeke B. Fraeijs
UPPER AND LavER BOUNDS TO STRUCTURAL DEFORMATIONS BY DUAL ANALYSIS IN
FINITE ELEMENTS, Technical Report AFFDL-TR-66-l99, Air Force Flight
Dynamics Laboratory, Wright-Patterson Air Force Base, O?io, Jan. 1967
KEY WORDS:
Seven different types of finite elements, four rectangular, and three trianglar,
have been used to evaluate the central deflections of plates i~ eight plate
systems using five mesh sizes. The results of the analyses -were compared with
each other and with an exact solution in order to evaluate their accuracy and
their rate of convergence with decreasing mesh size. Two of the rectangular
elements and one of the triangular elements were found to converge toward the
correct value as the mesh size was reduced.
Clough, R. W. and Tocher, J. L.
FINITE ELEMENT STIFFNESS MATRICES FOR ANALYSIS OF PLATE BENDING, in Matrix
Methods in Structural Mechanics: Proceedings of the Conference held at Wright-
Patterson Air Force Base, Ohio, 26-28 October, 1965 (Published November 1966)
pp. 515-46
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This report presents the results of a survey of the literature
dealing with the analysis and design of grillages under normal and
axia1 loads. The requirements of a rigorous design procedure are
outlined and compared with the strongly empirical approaches
currently employed. The following methods of analysis applicable
to grillage structures are discussed: the differential and inte-
gral equation and energy formulation in terms of plate and beam
theories, the analysis of an equivalent orthotropic plate or beam
grid, and the discrete element methods. The survey has shown
that neither a completely satisfactory method for the working
stress analysis nor a method for the ultima te strength analysis of
grillages under combined normal and axial loads is yet available.
It is suggested that one of the discrete element methods, either
the lumped parameter or finite element approach, be adapted for
both the working stress and ultimate strength analysis of
grillages under combined loads.
Fritz Engineering Laboratory Report No. 323.1
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Robert P. Kerfoot Dod Al~xis Ostapenko. June 1967, v, 175p.,
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Fritz Engineering Labora tory Report No. 323.1
GRILLAGES UNDER NORMAL AND AXIAL LOADS-PRESENT STATUS, by
Robert P. Kerfoot and Ale;xis Ostapenko. June 1967, v, l75p.,
illus., table, refs. UNCLASSIFIED
This report presents the results of a survey of the literature
dealing with the analysis and design of grillages under normal and
axial loads. The requirements of a rigorous design procedure are
outlined and compared with the strongly empirical approaches
currently employed. The following methods of analysis applicable
to grillage structures are discussed: the differential and inte-
gral equation and energy formulation in terms of plate and beam
theories, the analysis of an equivalent orthotropic plate or beam
grid, and the discrete element methods. The survey has shown
that neither a completely satisfactory method for the working
stress analysis nor a method for the ultima te strength analysis of
grillages under combined normal and axial loads is yet available.
It is suggested that one of the discrete element methods, either
the lumped parameter or finite element approach, be adapted for
both the working stress and ultimate strength analysis of
grillages under combined loads.
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I theories, the analysis of an equivalent orthotropic plate or beam 1
I grid, and the discrete element methods. The survey has shown 1
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I This report presents the results of a survey of the literature
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I axial loads. The requirements of a rigorous design procedure are Ostapenko, Alexis I
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1 currently employed. The following methods of analysis applicable Task 1974 I
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